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COMPUTER ANALYSIS 
OF RING-STIFFENED SHELLS OF REVOLUTION 
By Gerald A. Cohen 
S t ruc tu res  Research Associates,  Laguna Beach, Ca l i fo rn ia  
SUMMARY 
This r e p o r t  p resents  t he  equations and method of s o l u t i o n  f o r  a 
series of  five compatible computer programs f o r  s t r u c t u r a l  ana lys i s  of 
axisymmetric s h e l l  s t ruc tu res .  
documentation f o r  these programs are presented i n  a sepa ra t e  companion 
repor t .  These programs, designated as the  SRA programs, apply t o  a 
common s t r u c t u r a l  model bu t  analyze d i f f e r e n t  modes of s t r u c t u r a l  response. 
They are: 
User manuals and o the r  program 
(1) Linear  asymmetric s t a t i c  response (SRA 100) 
(2) Buckling of l i n e a r i z e d  asymmetric equi l ibr ium states (SRA 101) 
(3)  Nonlinear axisymmetric s ta t ic  response (SRA 200) 
(4) Buckling of  nonl inear  axisymmetric equi l ibr ium states (SRA 201) 
(5) Vibra t ions  about nonl inear  axisynnnetric equi l ibr ium states (SRA 300) 
The theory o f  a s i x t h  r e l a t e d  program, f o r  t h e  imperfect ion s e n s i t i v i t y  
ana lys i s  of buckl ing modes of nonl inear  axisymmetric equi l ibr ium states,  
has  been presented i n  a previous NASA report .  
The s t r u c t u r a l  model t r e a t e d  is a branched s h e l l  of revolu t ion  with 
an a r b i t r a r y  arrangement of a l a r g e  number of  open branches but  w i th  a t  
most one closed branch. The s h e l l  w a l l  i s  assumed t o  be of o r tho t rop ic  
material wi th  p r i n c i p a l  axes of or thotropy i n  meridional and circumfer- 
e n t i a l  d i r e c t i o n s .  Geometric p rope r t i e s  of t h e  s t r u c t u r e  may vary only 
i n  t h e  meridional  d i r ec t ion ;  material p rope r t i e s  of t h e  s h e l l  w a l l  may 
vary i n  t h e  th ickness  d i r e c t i o n  as w e l l  as t h e  meridional d i r ec t ion .  Also 
t r e a t e d  are: 
(1) d i s c r e t e  i r o t r o p i c  r i n g  attachments,  
(2) 
(3)  an idea l i zed  e l a s t i c  foundation a t tached  t o  the  s h e l l  w a l l .  
i s o t r o p i c  s t r i n g e r s ,  whose s t i f f n e s s  is  c i rcumferent ia l ly  
d i s t r i b u t e d ,  and 
INTRODUCTION 
During t h e  p a s t  decade an almost bewildering v a r i e t y  of computer 
programs has been developed f o r  t h e  a n a l y s i s  of s h e l l  s t r u c t u r e s  ( r e f .  1). 
When one narrows t h e  f i e l d  t o  those  designed f o r  elastic s h e l l s  of 
revolu t ion ,  he  is s t i l l  confronted with t h e  names of a t  least f o r t y  
authors i n  t h i s  country alone who have been a c t i v e  i n  developing pro- 
grams of overlapping c a p a b i l i t i e s  ( r e f s .  1 and 2). A t  t h e  t i m e  re fe rence  
2 w a s  wr i t t en ,  however, t h e r e  were known t o  be only fou r  major systems 
which cover t h e  most common 
of e l a s t i c  s h e l l s  of revolution. 
t h i s  r epor t ,  t h e s e  inc lude  two f i n i t e - d i f f e r e n c e  programs, BOSOR (ref. 3) 
and SALORS ( r e f s .  4 and 5) ,  and Kalnins' forward i n t e g r a t i o n  programs 
( r e f .  6 ) .  
problems of stress, buckling, and v i b r a t i o n  
In  add i t ion  t o  t h e  SRA programs of 
The SRA programs employ t h e  Zarghamee vers ion  of t h e  forward 
in t eg ra t ion  method ( r e f .  7 )  f o r  t h e  s o l u t i o n  of t h e  bas i c  l i n e a r  bound- 
a r y  value problem. 
complementary so lu t ions ,  as opposed t o  t h e  usua l  e i g h t ,  over open branches. 
The main f e a t u r e s  of t h e  present system of programs which have not  been 
generally a v a i l a b l e  i n  t h e  o the r  systems are: 
This method r e q u i r e s  t h e  c a l c u l a t i o n  of only four  
(1) 
(2) imperfection s e n s i t i v i t y  a n a l y s i s ,  and 
(3) branched s h e l l  c a p a b i l i t y  (see f i g .  1 )  
buckling a n a l y s i s  under genera l  asymmetric loads,  
User documentation f o r  t h e  present  system of six programs is 
presented i n  a companion r epor t  ( r e f .  8).  A s  t h e s e  programs have been 
developed over a period of t i m e ,  t h e  theory underlying some of them has  
a l ready  been published i n  t h e  open l i t e r a t u r e  (refs.9-12). The theory 
of t h e  nonlinear axisymmetric response program and t h e  buckling program 
f o r  general  asymmetric equi l ibr ium states, which is a new program, have 
not been previously presented. 
together t h e  underlying equations and (improved) method of s o l u t i o n  f o r  
each of t h e s e  programs except t h e  imperfect ion s e n s i t i v i t y  program, t h e  
theory of which has  been presented i n  a previous NASA r e p o r t  ( r e f .  13). 
The purpose of t h i s  r e p o r t  i s  t o  br ing  
2 
SYMBOLS 
e 
Z 
GJ 
I 
Ix,I ,I 
Y x y  
K 
r i n g  o r  s t r i n g e r  cross-sect ional  a rea  
r ing  cent ro ida l  rad ius  
s h e l l  w a l l  normal s t i f f n e s s e s ,  eqs. (A-3) 
r i ng  or  s t r i n g e r  e l a s t i c  modulus 
or thot ropic  e l a s t i c  moduli 
r i ng  cent ro ida l  e c c e n t r i c i t i e s  r e l a t i v e  t o  
corresponding boundary point  on s h e l l  reference 
sur f  ace 
normal eccen t r i c i ty  of s t r i n g e r  cent ro id  
r e l a t i v e  t o  s h e l l  reference sur face  
l i nea r i zed  s h e l l  s t r e t c h i n g  s t r a i n s  
e f f e c t i v e  r i n g  f o r c e l o a d s  p e r  u n i t  of 
c i rcumferent ia l  l ength  
equivalent  s h e l l  fo rces ,  aqs (78) 
equivalent  r ing fo rces ,  eqs. (79) 
r i n g  o r  s t r i n g e r  t o r s i o n a l  s t i f f n e s s  
s h e l l  w a l l  shear s t i f f n e s s e s  , eqs. (A-3) 
s t r i n g e r  sec t ion  moment of i n e r t i a  about 
c i rcumferent ia l  cen t ro ida l  axis 
r ing  sec t ion  moments of i n e r t i a  
s t r u c t u r a l  s t i f f n e s s  
elastic foundation moduli 
e f f e c t i v e  s h e l l  momentloads pe r  un i t  of a r ea  
r ing  stress couples 
s h e l l  stress couples 
3 
N 
n 
P , Q , S  
T1 YT2 Y T12 
9 
T 
U 
mass coefficients for shell inertial loads, eq. (109) 
number of stringers 
effective ring moment loads per unit of 
circumferential length 
ci r cumf e ren t i a1 harmonic number 
effective shell forces per unit of circumferential 
length in axial, radial, and circumferential 
directions, respectively 
local pressure for live pressure field at unit h 
meridional and circumferential radii of curvature 
small circle radius 
meridional, circumferential, and normal 
coordinates, respectively, of shell reference 
surface 
shell stress resultants 
ring hoop force 
ring potential energy 
shell displacements in meridional, circumferential, 
and normal directions, respectively 
ring centroidal displacements 
ring rotations 
effective shell force loads per unit of area 
axial and radial coordinates, respectively 
normal distance of reference surface from shell 
inner surface 
shell stretching strains 
ring hoop strain 
4 
"i 
pij 
"1 Y"2 
P 
w 
Vectors : 
F 
effective thermal loads (i = 0 or l), eqs. (9) 
effective free thermal strains 
stringer free thermal strain 
ring effective free thermal strain 
ring bending strains 
shell bending strains 
load factor (for proportional loading) 
load factor for nonlinear prebuckling state 
limit load 
orthotropic shell wall normal stiffness coefficients 
A - xo 
eigenvalues 
orthotropic shell wall shear stiffness coefficients 
Poisson contraction ratios with meridional or 
circumferential stress acting, respectively 
shell displacements in axial, radial, and 
circumferential directions, respectively 
mass density 
three-dimensional normal stress components 
three-dimensional shear stress components 
shell rotations about circumferential, meridional, 
and normal directions, respectively 
frequency of harmonic vibrations 
Y' 
I 
5 
Y - 
Y 
-P 
y (k) 
-C 
4x4 (or 3x3) Matrices: 
[SI 
[KI 
[PI 
4x1 (or 3x1) Matrices: 
{C) 
{dl 
6 
eight (or six) element column vector of dependent 
variables {P , Q , S  ,Mi , E  ,TI ,v,x) 
particular solution 
complementary solutions 
boundary condition matrices, eq. (25) 
effective [D] for interior boundaries, eq. (48a) 
additional effective [D] for closed branch 
boundaries, eq. (55) 
ring eccentricity matrix, eq. (34a) 
ring stiffness matrix, eq. (30a) 
matrices relating {c), {d) of first subinterval 
to that of final subinterval of a closed branch, 
eqs. (59) 
scaling matrix for supplemental conditions, 
eqs. (42) 
force and displacement submatrices of 
complementary solutions, eq. (36a) 
additional force and displacement submatrices of 
complementary solutions required on closed branch 
ring prestress matrix, eq. (103) 
ring mass matrix, eq. (112) 
superposition constants, eqs. (37) 
additional superposition constants for a closed 
branch, eqs.(52) 
force and displacement submatrices of particular 
solution vector, eq. (36b) 
e f f e c t i v e  boundary loads,  eq. (25) 
e f f e c t i v e  {L) for  i n t e r i o r  boundaries, eq. (48b) 
nonhomogeneous r ing  matrix due t o  r ing  
e c c e n t r i c i t y  and thermal loads ,  eq. (34b) 
nonhomogeneous r ing  matr ix  due t o  mechanical 
loads ,  eq. (30c) 
nonhomogeneous r ing  matr ix  due t o  thermal loads,  
eq. (30d) 
{a 1 assoc ia ted  with ex terna l ly  applied loads  
nonhomogeneous matrix r e l a t i n g  IC) of f i r s t  sub- 
i n t e r v a l  t o  t h a t  of f i n a l  sub in te rva l  of a 
c losed  branch, eq. (59a) 
r i n g  displacements {ux ,ti ,w 1 )"Y 4 4 {U) 
{Y 1 s h e l l  forces  {P,Q,S,M1) 
( 2 )  s h e l l  displacements {E,rl,v,x) 
Generalized f i e l d  v a r i a b l e s  and operators:  
H ( E )  l i n e a r  opera tor  r e l a t i n g  stresses and s t r a i n s  
l i n e a r  opera tor  represent ing  l i n e a r  p a r t  of t h e  
strain-displacement r e l a t i o n s  
quadra t ic  operator represent ing  t h e  nonl inear  p a r t  
of t h e  strain-displacement r e l a t i o n s  
b i l i n e a r  operator defined by t h e  i d e n t i t y  
L2(u + v) = L2(u) + 2Lll(U,V) + L2(v) 
q l ( 4  l i n e a r  operator represent ing  conservative l ive loads 
U displacement 
E: s t r a i n  
U stress 
7 
Subscripts  : 
0 prebuckling state v a r i a b l e  
Matrix subsc r ip t s  : 
0 
1 
meridional,  c i rcumferent ia l ,  and normal components, 
respec t ive ly  (same as s,$,z) 
estimate a f t e r  k i t e r a t i o n s  
antisymmetric component 
ak(  ) / a A k  
symmetric component 
t ranspose 
load o r  l i n e a r  response v a r i a b l e  a t  u n i t  A 
a (  ) /as 
a (  ) / a $  
a (  >/ar 
evaluated a t  t h e  i n i t i a l  po in t  of a sub in te rva l  
evaluated a t  t h e  f i n a l  po in t  of a sub in te rva l  
GOVERNING EQUATIONS 
Mathematically speaking, elastic response problems of s h e l l  s t r u c t u r e s  
are boundary-value problems i n  d i f f e r e n t i a l  equat ions.  I n  general ,  t o  
formulate such problems, i t  i s  necessary t o  s t a r t  wi th  a geometr ical ly  
nonlinear s h e l l  theory,  i .e.,  one v a l i d  f o r  r o t a t i o n s  of  moderate s i ze .*  
Also, an analogous theory f o r  e las t ic  r ings  must be  a v a i l a b l e  t o  formulate 
boundary condi t ions a s soc ia t ed  wi th  r i n g  attachments.  As a prel iminary t o  
t h e  formulation of s p e c i f i c  types of response problems solved by t h e  SRA 
programs, s u i t a b l e  nonl inear  t h e o r i e s  of s h e l l s  of r evo lu t ion  and r i n g s  
are presented i n  t h i s  s ec t ion .  
*In t h i s  approximation, both t h e  s t r a i n s  and r o t a t i o n s  are small compared 
t o  uni ty ,  but  t h e  r o t a t i o n s  may considerably exceed t h e  s t r a i n s ,  
8 
She l l  Equations 
Nonlinear s h e l l  t h e o r i e s  have been developed by Sanders ( r e f .  14) 
and others .  However, f o r  t h e  purpose of numerical a n a l y s i s  of s h e l l s  
of revolu t ion ,  i t  has been shown t h a t  Novozhilov's s h e l l  equations ( r e f .  
15) have t h e  advantage t h a t ,  by t h e  proper choice of dependent v a r i a b l e s ,  
e x p l i c i t  r e f e rence  t o  t h e  meridional  rad ius  of curva ture  can be elim- 
ina ted  ( r e f .  9 ) .  
I n  r e fe rence  11, Novozhilov's equations have been genera l ized ,  
through t h e  p r i n c i p a l  of v i r t u a l  work, t o  inc lude  t h e  nonl inear  case of 
moderate r o t a t i o n s ,  For numerical analysis, it is  convenient t o  t rans-  
form t h e  equi l ibr ium and kinematic equations i n t o  a set of e i g h t  d i f -  
f e r e n t i a l  equations i n  e i g h t  b a s i c  fo rce  and displacement s h e l l  v a r i a b l e s  
r e f e r r e d  t o  f ixed  coord ina te  d i r e c t i o n s .  Four of t h e s e  v a r i a b l e s  are the  
e f f e c t i v e  s h e l l  f o r c e s  i n  a x i a l ,  r a d i a l ,  and c i r cumfe ren t i a l  d i r e c t i o n s ,  
denoted as P,  Q,  and S r e spec t ive ly ,  and t h e  meridional  bending moment 
M I .  These components a c t  on normal sec t ions  tangent t o  small c i r c l e s  of 
t h e  s h e l l  re fe rence  su r face  ( f i g .  1 )  and are a l l  measured per u n i t  of 
c i r cumfe ren t i a l  l ength  along t h e  small c i r c l e .  
v a r i a b l e s  are t h e  analogous r e fe rence  surface displacements,  denoted as 
5, II, and v, and r o t a t i o n  x.  These va r i ab le s ,  as w e l l  as t h e  no ta t ion  
used f o r  o the r  s h e l l  v a r i a b l e s ,  are shown i n  f i g u r e  2. As shown, s ,$  
re ference  su r face  coord ina tes  are used where s measures meridional  a r c  
d i s t a n c e  from a re ference  small c i r c l e  and measures c i r cumfe ren t i a l  
angle  from a re ference  meridian. The normal d i s t a n c e  z measured from t h e  
r e fe rence  su r face  completes t h e  three-dimensional t r i a d  of d i r e c t i o n s .  
The remaining four  
The transformation of t h e  equations i s  accomplished with t h e  use of 
t h e  Gauss-Codazzi su r f ace  compa t ib i l i t y  r e l a t i o n s .  
and d o t  t o  denote p a r t i a l  d e r i v a t i v e s  with r e spec t  t o  s and $, r e spec t ive ly ,  
t h e  r e s u l t i n g  equi l ibr ium equations are 
Employing t h e  prime 
(rM1)' + r [ r ' P  - (r/R2)Q] - r'M2 + 2M12' - r(T1X + T12$) + r L 2  = 0 
where t h e  su r face  f o r c e  ( X I , X ~ , X ~ )  and moment (L1,LZ) components are 
r e f e r r e d  t o  undeformed coordinate d i r ec t ions  ( f ig .  2). 
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The nonlinear terms i n  equations (1) can be conveniently thought of 
as t h e  following a d d i t i o n a l  load terms applied t o  t h e  l i n e a r i z e d  equations. 
X2 = - ( r * / r )  (TI + T2)8 
x3 = 0 
Additional e f f e c t i v e  su r face  loads dependent on t h e  s h e l l  deformation 
arise i n  t h e  cases of an e l a s t i c  foundation a t tached  t o  t h e  s h e l l  w a l l  and 
loading by a l i v e  normal pressure  f i e l d .  
foundation is  considered under the  assumption t h a t  it produces r eac t ions  
p e r  un i t  of su r f ace  area i n  meridional,  c i r cumfe ren t i a l ,  and normal 
d i r ec t ions  which are propor t iona l  t o  t h e  corresponding s h e l l  displacements 
a t  the sur face  t o  which i t  is attached. It is  assumed t h a t  t h e  
attachment su r face  is  t h e  s h e l l  i nne r  su r face  ( i . e . ,  t h e  su r face  of 
inward poin t ing  p o s i t i v e  z -d i rec t ion) .  I n  terms of t h e  displacement of t h e  
reference su r face  t h e  foundation loads a r e  
An o r tho t rop ic  e l a s t i c  
L2 - -2x1 
where kl, k2, and k3 are foundation moduli and s is t h e  normal d i s t a n c e  of 
t h e  reference su r face  from t h e  inner sur face .  The e f f e c t i v e  loads  of a l i v e  
pressure f i e l d  Ap(s,$,z), assumed t o  act a t  t h e  r e fe rence  su r face ,  are 
L2 - 0 (4e) 
where el and e2 are t h e  l i n e a r i z e d  s t r e t c h i n g  s t r a i n s  i n  meridional  and 
c i rcumferent ia l  d i r e c t i o n s ,  r e spec t ive ly .  
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Equations (2) ,  ( 3 ) ,  and (4) i s o l a t e  a l l  terms of equations (1) o the r  than 
s tandard  terms of a l i n e a r  s h e l l  s tatics problem. 
The four  b a s i c  kinematic equations may be w r i t t e n  i n  t h e  form 
X '  K 1  
where e12 is  the l i n e a r i z e d  shearing s t r a i n  and ~1 is t he  meridional  
bending s t r a i n .  
Equations (1) and (5) are e igh t  p a r t i a l  d i f f e r e n t i a l  equations i n  t h e  
e i g h t  response va r i ab le s  P,Q,S,Ml,E,n,v,x. Supplemental equations are 
necessary t o  express the  excess va r i ab le s  of t hese  equations i n  terms of 
the  e i g h t  b a s i c  va r i ab le s .  
t h e  p a r t i a l l y  inver ted  c o n s t i t u t i v e  equations provide some of t h e  
supplemental equations. These a r e  
The nonlinear s t r a i n - r o t a t i o n  equations and 
e12 = €12 - XJI 
and 
where ~ 1 , ~ 2 , ~ 1 2  and K I , K ~ , K ~ ~  are reference  sur face  s t r e t c h i n g  and 
bending s t r a i n s ,  r e spec t ive ly ,  and 
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The thermal loads  0 1 ( ~ ) ,  0 ~ ( ~ ) ,  and 0 1 2 ( ~ ) ,  f o r  m = 0 o r  1, are given i n  
terms of t h e  f r e e  thermal s t ra ins  81, 82, and by* 
where E l ,  E2,  E12, v i ,  and V 2  are o r tho t rop ic  s h e l l  w a l l  elastic moduli, 
t h e  integrals are through t h e  s h e l l  w a l l  th ickness ,  and Ost(m) are given 
i n  terms of t h e  s t r i n g e r  f r e e  thermal s t r a i n  est by 
Here NEA i s  the  t o t a l  s t r i n g e r  s t r e t c h i n g  s t i f f n e s s  and e, i s  t h e  normal 
eccenf r i c i ty  of s t r i n g e r  s e c t i o n  cen t ro ids  relative t o  t h e  s h e l l  r e f e r -  
ence surface.  
equations (7)  are defined i n  Appendix A .  
The s t i f f n e s s  c o e f f i c i e n t s  X i j  and pij i n  t h e  c o n s t i t u t i v e  
I n  addi t ion  t o  equat ions (6) and (7), t h e  following equat ions 
complete t h e  supplemental equations.  
*Although t h e  shear ing  free thermal s t r a i n  8 1 2  is zero f o r  a n  o r t h o t r o p i c  
material, i t  w i l l  be seen t o  be convenient t o  inc lude  i t  i n  t h e  formulation. 
1 2  
It may b e  noted that t h e  only nonl inear  terms appearing i n  equat ions 
(5) through (11) are those i n  equations (6) , (8d) ,  and (10). J u s t  as t h e  
nonl inear  terms i n  the  equi l ibr ium equations (1) may be  viewed as 
add i t iona l  mechanical loads appl ied t o  the l i n e a r i z e d  equat ions,  t h e  
nonl inear  terms i n  equations (6) and (8d) may be viewed as a d d i t i o n a l  
thermal loads appl ied  t o  l i n e a r i z e d  vers ions of t hese  equat ions.  Noting 
t h a t  t h e  three-dimensional s t r a i n s  E I , E ~ , E ~ ~  appear i n  t h e  s t r e s s - s t r a i n  
r e l a t i o n s  as €1 - 81, € 2  - 01,and €12 - 812, i t  follows t h a t  t h e  nonl inear  
terms of  equat ions ( 6 )  are equiva len t  t o  t h e  following add i t iona l  f r e e  
thermal s t r a i n s  appl ied t o  t h e  l i nea r i zed  equations,  
which do not  vary through t h e  s h e l l  thickness.  
loads  are obtained by s u b s t i t u t i n g  equations (12a) i n t o  equat ions (9) to  g ive  
The corresponding thermal 
o l ( m )  = -(1/2)[cS(m)(X2 + 02) + c12(m)($2 + e*) ]  
a2(m)  = 4 1 / 2 1  [c2(m)  ($2 + 82)  + c12(m) (x2 + 8211 (12b) 
Ol2(m) = -Gs(m)x$ 
where t h e  s t i f f n e s s  c o e f f i c i e n t s  Cs(m), C I ~ ( ~ ) ,  C 2 ( m ) ,  and G,(m) are 
def ined by equat ions (A-3) of Appendix A. 
(8d) is  ev ident ly  equivalent  t o  t h e  add i t iona l  thermal load 
The nonl inear  term i n  equat ion 
01~") = -(1/2)(Tl + T2)8 (13) 
F ina l ly ,  t o  i d e n t i f y  t h e  .nonlinear term i n  equation (10) as an 
a d d i t i o n a l  load ,  no te  t h a t  t he  only places where T12 i s  required are i n  
equat ions (2d) and (2e).  It the re fo re  fol lows t h a t  t h i s  nonl inear  term is 
equiva len t  t o  t h e  add i t iona l  loads* 
Thus, t h e  general  nonl inear  f i e l d  equations may be viewed as a s tandard 
set  of  l i n e a r i z e d  equat ions with the add i t iona l  load terms given by 
equat ions  (21, (31 ,  ( 4 1 ,  (12b), (13), and (14). 
*Since t h e s e  loads are smaller then similar terms i n  equat ions (2d) and 
(2e) by a f a c t o r  of t he  r o t a t i o n  8 , it is  cons i s t en t  wi th  t h e  moderate 
r o t a t i o n  theory t o  neglec t  t h e  nonl inear i ty  i n  equat ion (10). 
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Ring Equations 
When r i n g  s t i f f e n e r s  are a t tached  t o  t h e  s h e l l ,  boundary conditions 
f o r  t h e  s h e l l  equations must be generated which r ep resen t  t h e  r i n g  
behavior. Idea l ly ,  t h e  r i n g  r e a c t i o n s  e n t e r  t h e  s h e l l  a t  a s i n g l e  
meridional s t a t i o n ,  t h e  r i n g  boundary, on t h e  s h e l l  re fe rence  sur face  
a t  which t h e  s h e l l  displacements are continuous and r e l a t e d  t o  t h e  s h e l l  
f o r c e  jumps i n  accordance with t h e  governing r i n g  equations. 
s u i t a b l e  r i n g  equations are derived i n  t h i s  sect ion.  
A set of 
As a re  the  s h e l l  equations of t h e  previous sec t ion ,  t h e  r i n g  
equations are based on moderate r o t a t i o n s  and are derived through a 
p r inc ipa l  of v i r t u a l  work. 
assumptions. 
These equations are based on t h e  following 
(1) 
(2) 
(3) The e f f e c t s  of nonuniform warping of r i n g  sec t ions ,  t rans-  
A l l  geometrical and mechanical p r o p e r t i e s  of t h e  r i n g  are 
axisymmetric, 
The r i n g  material is homogeneous and i s o t r o p i c .  
v e r s e  shear s t r a i n s ,  and shear  cen te r  e c c e n t r i c i t y  r e l a t i v e  
t o  t h e  s e c t i o n  cent ro id  are neglected.  
The o r ig in  of r i n g  c ross -sec t iona l  x,y-axes is  supposed t o  be  a t  t h e  
cent ro id  of t h e  r i n g  sec t ion ,  i .e. ,  JxdA = JydA = 0 where A i s  the  sec t ion  
area. With r e spec t  to right-handed s h e l l  coord ina tes  s , ~ , z ,  x is  chosen 
p o s i t i v e  i n  the  a x i a l  d i r e c t i o n  acu te  t o  t h e  p o s i t i v e  (or  nega t ive)  s- 
d i r e c t i o n  i f  t h e  p o s i t i v e  z -d i rec t ion  p o i n t s  away from (or  towards) t h e  
a x i s  of revolu t ion ,  and y is  chosen p o s i t i v e  i n  t h e  r a d i a l  d i r e c t i o n  
poin t ing  away from t h e  a x i s  of revolu t ion  (see f i g .  3 ) .  
For a one-dimensional theory of r i n g s  t h e  c e n t r o i d a l  hoop s t r a i n  
€ 4  is the only s t r e t c h i n g  s t r a i n  of consequence. 
r e l a t i o n s  are 
The strain-displacement 
.. 
K~ = (uy - u i ) / a 2  
where K~ and K~ are t h e  bending s t r a i n s  of t h e  c e n t r o i d a l  a x i s ,  i n  and 
out of the plane of t h i s  axis r e s p e c t i v e l y ,  and T is  t h e  t w i s t  per u n i t  
of c i rcumferent ia l  length.  Neglecting t r ansve r se  shear s t r a i n s ,  t h e  
r o t a t i o n s  wx,w may be w r i t t e n  i n  terms of displacements as Y 
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wx - 
Y w *  
I n t e g r a t i n g  by p a r t s  t h e  following expression f o r  t h e  v i r t u a l  change i n  
p o t e n t i a l  energy 
and applying t h e  p r i n c i p l e  of v i r t u a l  work, 6U = 0, y i e l d s  t h e  following 
equations expressing equilibrium of fo rces  and moments i n  t h e  undeformed 
coord ina te  d i r e c t i o n s  ( f ig .  3). 
($/a - M+/a + Ny - wyT+)' + aFx = 0 
(-$/a - Nx + wxT+)' - T+ + aFy - 0 
Ti - g / a  - Nx + wxT+ + aF+ = 0 
Mi + My + aN+ = 0 
For a one-dimensional r i n g  theory,  t h e  c o n s t i t u t i v e  equations are 
unchanged from those  f o r  a s t r a i g h t  e l a s t i c  bar.  
of nonuniform t o r s i o n ,  f o r  a homogeneous, i s o t r o p i c  bar t hese  are ( r e f .  16)  
Neglecting t h e  e f f e c t  
T$ = EA(€$ - e$) 
% = EI,K, - E 1  
My = -E1 K + E I y ~ y  
XY x 
K 
XY Y 
M+ = G J T  
where t h e  r i n g  f r e e  thermal s t r a i n  
c r o s s  s e c t i o n .  
is assumed t o  be uniform over each 
I n  analogy wi th  the  nonlinear s h e l l  equations,  t h e  nonlinear terms 
i n  equat ions  (15) and (18) may be  viewed as e f f e c t i v e  a d d i t i o n a l  mo- 
ments and f r e e  thermal s t r a i n  applied t o  t h e  l i n e a r i z e d  r i n g  equations. 
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These add i t iona l  loads are 
To reduce t h e  r i n g  equat ions t o  a more use fu l  form, equations (15), 
(16) ,  and (19) are s u b s t i t u t e d  i n t o  equat ions (18) t o  e l imina te  a l l  
response va r i ab le s  except ux, %, u9, and w+. 
t he  nonl inear  terms are represented i n  t h e  load  terms according t o  
equations (20),  t he  r e s u l t i n g  equat ions are 
With t h e  understanding t h a t  
.. .. 
(E1 u" - GJu;) + E 1  
E 1  (u" + aw") + A2EAu + E 1  u" + a2EAu - E 1  u" 
(u" - us) + a ( E 1  + GJ)W' = a3(aFx + N ' )  
Y X  X Y Y  Q Y 9 Y .. .. . 
x y x  Q Y X Y  4 x o  
= a3(aF - N; + EA8 ) Y 9 
E 1  (ii + aw') + (E1 u'*'- a2EAu') - (a2EA + E I x ) u "  
XY 9 X Y  Y 9 
= a3(aF - Nx - EA8') 9 Q 
Y X Y Y  9 Y +  9 
.. 
9 (E1 + GJ)ux + E 1  (u" - u * )  + a(E1 w - GJw") = a 3 N  
SOLUTION OF EQUATIONS 
In t h i s  s ec t ion  the  governing equat ions of t h e  previous s e c t i o n  are 
spec ia l ized  f o r  the  d i f f e r e n t  modes of response t r e a t e d ,  and t h e  corres-  
ponding methods of s o l u t i o n  are presented. 
Linear Asymmetric Response (SRA 100) 
This program so lves  l i n e a r i z e d  vers ions  of t he  s h e l l  and r i n g  equat ions 
subjec t  t o  harmonic mechanical and thermal loads.  
response va r i ab le s  are pe r iod ic  func t ions  of a 9 with per iod 2~r ,  they may 
be represented as Fourier  series i n  t h e  form E (An cos n+ + Bn s i n  n$) ,  
where the harmonic amplitudes A 
Since a l l  load and 
n=O 
and Bn are i n  general  func t ions  of s. n 
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If the loads have an axial plane of symmetry, say 9 = 0, then the 
Fourier series for each load term reduces to a sine or cosine series. 
A symmetrical loading is defined as one for which the expansions for XI, 
X3 ,L2,81,82 ,Fx,F ,N ,9 (denoted henceforth as normal type load variables) 
are cosine seriex, $heteas the expansions for the remaining loads X2,L1,812 
F4,Nx,Ny (denoted henceforth as shear type load variables) are sine series.* 
The reverse is true in the case of an antisymmetrical loading, and a gen- 
eral load consists of both symmetric and antisymmetric components (table I). 
A symmetrical response is defined as one for which the expansions for 
P,Q,M1 ,S,n,x,~+,uy,w,+ (denoted henceforth as normal type response variables) 
are cosine series, whereas the expansions for S,v, and u,+ (denoted hence- 
forth as shear type response variables) are sine series. 
true in the case of an antisymmetric response, and a general response 
consists of both symmetric and antisymmetric components (table I). 
The reverse is 
Inspection of the nonlinear shell and ring equations shows that a 
symmetric loading gives rise only t o  a symmetric response. 
linearized equations, it is also true that an antisymmetric loading gives 
rise only to an antisymmetric response. Furthermore, for the linearized 
equations, the response to each load harmonic is a pure harmonic of the 
same wave number. 
For the 
Symmetric load-response equations.- In this section the boundary- 
value problem for the symmetrical response to the n-th harmonic of the 
symmetrical load components is formulated. For the sake of simplicity, 
the same symbols as used previously for physical load and response 
variables will be used to denote the corresponding harmonic amplitudes. 
Differential equations: Substitution of the symmetric load and 
response components for the n-th harmonic into the linearized form of 
equations (1) and ( 5 )  gives the following ordinary differential 
equations. 
(rS)' + r'S - (n/R2)M2 - nT2 + rX2 - (r/R2)L1 = 0 
(rM1)' + r[r'P - (r/R2)Q] - r'M2 + 2nM12 + rL2 = 0 
*It will be convenient in the remaining discussion to refer to free thermal 
strains 81re2,B12, and e,+ as loads. More precisely, the thermal loads are 
given in terms of the free themal strains by equations (9) for the shell 
and as Me4 for rings. 
11' + ( r / R 2 ) ~  - r'el = 0 
I n  these  l i nea r i zed  equations,  t h e  e las t ic  foundation loads ,  equations 
(3), are considered t o  be  included i n  t h e  load terms wi th  t h e  given 
app l i e s  loads; however, t h e  l ive load terms, equations (4 ) ,  are 
neglected. 
The supplemental equat ions,  expressing the  excess v a r i a b l e s  of 
equations (22) and (3) i n  terms of t h e  e i g h t  b a s i c  va r i ab le s ,  are 
equations ( 6 ) ,  ( 7 ) ,  and (8) with nonl inear  terms omit ted,  p lus  t h e  
following from equations (11) 
r e p  = q + nv 
r ~ 2  = r ' ( x  - n2E./r) + n(nn + 
Equations (22) and the  supplemental equat ions are a system of e i g h t  
f i r s t -o rde r  d i f f e r e n t i a l  equat ions which may be  w r i t t e n  compactly i n  
vec to r  form as 
where Y - is t h e  eight-element column vec to r  (p,Q,S,Ml,S,~l,v,x) [ f ig .  2 (a ) J .  
Boundary condi t ions:  Branch edges,  branch po in t s ,  t h e  c losu re  poin t  
of a closed branch, and t h e  loca t ion  o f  i n t e r i o r  r i ngs  o r  o t h e r  meridional 
d i scon t inu i t i e s  are def ined as boundaries. Addit ional  a r t i f i c i a l  po in t s  
of subdivision of t h e  meridian may be  requi red  t o  l i m i t  s u b i n t e r v a l  length  
so t h a t  the small d i f f e rence  of l a r g e  numbers does n o t  occur  i n  t h e  
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superpos i t ion  of complementary and p a r t i c u l a r  s o l u t i o n s  of equations (24) 
(see p. 22). 
c o n s i s t s  of a main branch and subsidiary branches. 
continuous l i n e  cons i s t ing  of segments of t h e  s h e l l  r e f e rence  meridian 
which i n  t h e  case of only open branches begins a t  some a r b i t r a r y  edge 
and terminates a t  some o ther  a r b i t r a r y  edge. I f  t h e  meridian conta ins  a 
closed branch (only one is allowed), t h e  closed branch is t h e  main 
branch, which begins a t  some a r b i t r a r y  nonbranching po in t  and te rmina tes  
a t  t h e  same point .  
po in t ,  i .e.,  has  increas ing  s-values away from t h e  branch point.  
o the r  branches i n t e r s e c t i n g  t h e  branch po in t  must e n t e r  t h e  branch po in t ,  
i.e., have s-values increas ing  towards t h e  branch point .  
en t e r ing  a branch poin t  are described by increas ing  s before  t h e  e x i t i n g  
branch. 
I n  genera l ,  t h e  region of i n t e g r a t i o n  of equations (24) 
The main branch is a 
A t  a branch po in t ,  only one branch exits t h e  branch 
A l l  
A l l  branches 
General l i n e a r  boundary conditions f o r  each boundary may be w r i t t e n  
i n  t h e  form 
where {y)  and { z )  are 4x1 fo rce  and displacement subvectors of and 
I n  equat ion  (26a),  t h e  minus s i g n  appl ies  only a t  t h e  te rmina l  edge ( i f  
one e x i s t s )  of the. main branch; i n  equation (26b), {y}+ is  the  va lue  of 
{ y l  a t  t h e  boundary on the  e x i t i n g  branch, and C{y)- is t h e  sum of t h e  
values of y on t h e  branches en te r ing  t h e  boundary. 
of equation (251, a t  i n t e r i o r  boundaries t he  displacement vec to r  {zl is 
continuous,  i.e. 
A s  implied by t h e  form 
The matrices [B] ,  [D], and {L} are generated by SRA 100 i n  t h e  case of 
force- f ree  o r  r i n g  boundaries o r  dome c losu re  edges. 
are discussed he re ,  whereas dome closures are discussed i n  Appendix B. 
A t  force- f ree  boundaries A{y) = (01 ,  so t h a t  
The f i r s t  two types 
[ D l  = [OI 
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Substitution of the symmetric load and response components for the 
n-th harmonic into the linearized ring equations (21) yields 
where [k] is the ring stiffness matrix given by 
-n2(EI +GJ)/a Y 
(304 
XY 
E1 + n2GJ 
n 4 ~ ~  /a2 ~ E I  /a2
XY Xy 
(n2EI +GJ) /a2 
Y 
EA+n4EIx/a n ( EA4m2EIx/a2) -n2EI /a 
n2 (EA+EI /a2) -nEI /a 
X 
Y 
Symmetric 
i and {u), {kf) and {Et) are ring centroidal displacement, and mechanical 
and thermal load vectors given by (see fig. 3) a' 
U 
X 
{u) = { ;] 
aFx + nN 
- 1% 1 'i 
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c 
In order to derive boundary conditions of the form of equation (25) 
from equation ( 2 9 ) ,  it is necessary to relate the ring centroidal dis- 
placement and load vectors, {u) and { a f ) ,  to the shell reference surface 
displacement and force jump vectors, {z) and A{yI, at the corresponding 
boundary point. Equilibrium of forces and moments at the ring centroid 
gives, in terms of the ring eccentricities ex and ey [fig. 3(a)], 
where - 
a 0 -ne 0 
0 a -ne 0 
0 0 r 0 
X 
Y 
ae 0 a - L-ae x X 
and { a  
per unft of circumferential length replaced by corresponding external 
forces and moments. Furthermore, assuming that the ring centroid is 
connected to the corresponding boundary point on the shell reference 
meridian by a rigid link with the ring free thermal strain 0 
obtains the kinematic relation 
is given by equation (30c) with the ring forces and moments 
one 4 ’  
where [e] is an eccentricity matrix given by 
r l  
0 
- 
e Y 
0 
-e 
X 
0 1 0 
Y 
[el = 
nex/r ne /r a/r 0 
0 0 0 1 
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Subs t i tu t ion  of  equat ions (31) and (33) i n t o  equat ion (29) y i e l d s  
the  desired boundary condi t ion i n  the  form of equat ion (25), where [B] is  
given by equat ion (32) and 
As a check of t h i s  r e s u l t ,  i t  is  noted t h a t  [ B ] - l  = [eIT/r. 
of equation (25) by [B]- l  shows t h a t  t h e  se l f -ad jo in tness  ( i . e .  symmetry) 
of equations (29) i s  preserved. 
Mul t ip l i ca t ion  
Method of solut ion.-  The o r i g i n a l  method of so lu t ion  of the  l i n e a r  
boundary-value problem, equations (24),  (25) and (27),  i s  denoted he re  as 
t h e  Gaussian e l imina t ion  method ( r e f .  9 ) .  This  method cons i s t s  of 
subdividing the  range of i n t e g r a t i o n  ( i . e . ,  t h e  s h e l l  meridian) i n t o  a 
number of s u i t a b l y  small sub in te rva l s ,  t h e  end po in t s  of which have been 
denoted as boundaries i n  the  previous sec t ion .  
scheme, such as Runge-Kutta, is  used t o  i n t e g r a t e  equat ion (24) over each 
subin terva l  between consecutive boundaries,  t o  ob ta in  e i g h t  l i n e a r l y  
independent complementary s o l u t i o n  vec tors  Yc(k ) ,  k = 1,. . . ,8, and a 
p a r t i c u l a r  s o l u t i o n  vec tor  y . I n i t i a l l y ,  at  
subin terva l ,  t he  matr ix  of cglumn vec tors  (Yc 
i d e n t i t y  matr ix  and Yp t he  8x1 n u l l  matrix.  
and (27) a r e  used t o - s e t  up a system of a lgeb ra i c  equat ions f o r  t he  
constants  of  superpos i t ion  f o r  each sub in te rva l .  
e f f i c i e n t l y  by Gaussian e l imina t ion  i n  terms of 4x4 matrices, and t h e  
r e s u l t s  used t o  superpose t h e  complementary and p a r t i c u l a r  so lu t ions  t o  
ob ta in  the des i r ed  so lu t ion .  
t h a t  t he  superpos i t ion  of  s o l u t i o n s h e s  not  involve tak ing  t h e  small 
d i f fe rences  of l a r g e  numbers, with a consequent l o s s  of s ign i f i cance .  
i s  c h a r a c t e r i s t i c  of t h i s  method t h a t  t he  information contained i n  t h e  
boundary condi t ions i s  not  used during the  forward i n t e g r a t i o n  of t h e  
d i f f e r e n t i a l  equations and t h a t  t he  i n i t i a l  condi t ions  used f o r  t he  
complementary and p a r t i c u l a r  so lu t ions  are a r b i t r a r y  wi th in  t h e  condi t ion 
t h a t  t h e  8x8 i n i t i a l  value matr ix  [ybk)] should be  nonsingular.  
conditions f o r  t he  complementary and p a r t i c u l a r  s o l u t i o n s  which imply 
s a t i s f a c t i o n  of the  boundary condi t ions.  Since four  condi t ions are 
known a t  the i n i t i a l  edge, they reasoned t h a t  only fou r  complementary 
so lu t ions  are required t o  s a t i s f y  the  fou r  condi t ions  at  t h e  f i n a l  edge. 
On t h e  other hand, s i n c e  only four  condi t ions  are known i n  terms of e i g h t  
va r i ab le s  at the  i n i t i a l  edge, t he re  is  s t i l l  some a r b i t r a r i n e s s  i n  t h e  
determination of t he  s t a r t i n g  condi t ions i n  t h i s  method.* 
A forward i n t e g r a t i o n  
s t a r t i n g  poin t  of each 
] is  chosen t o  be t h e  8x8 
The boundary condi t ions (25) 
F& 
These are solved 
The sub in te rva l s  must be small enough s o  
It 
Later, Zarghamee and Robinson (ref. 7) proposed t h e  use  of  s t a r t i n g  
Thei r  technique 
*As a consequence, t h e  problem of "long sub in te rva l s "  noted above remains 
It i s  noted he re  t h a t  a new method, termed t h e  i n  the  Zarghamee method. 
f i e l d  method ( r e f .  1 7 ) ,  which eliminates t h i s  problem as w e l l  as providing 
o the r  bene f i t s ,  is cu r ren t ly  being inves t iga t ed .  
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w a s  generalized t o  general  l i n e a r  boundary conditions and open branched 
s h e l l s  by Anderson, et  al. ( r e f .  2, Appendix A). During the  course of t h e  
present  study, i t  w a s  found t h a t  t h e  supplemental s t a r t i n g  condi t ions  
proposed i n  re ference  2 l ead  t o  t h e  inversion of poorly conditioned 
matrices. I n  t h i s  s e c t i o n  t h e  Zarghamee method i s  presented wi th  new 
supplemental s t a r t i n g  condi t ions ,  and i t  is a l s o  generalized t o  inc lude  
s h e l l s  wi th  a closed branch. 
Open branches: The 8x4 matrix of the  four complementary s o l u t i o n  
vec to r s  [Yc(k)], k = 1,. . ,4, and t h e  8x1 p a r t i c u l a r  s o l u t i o n  matr ix  Tp 
are p a r t i t i o n e d  i n t o  4x4 submatrices U,W a n d . 4 ~ 1  submatrices G , J  as 
shown below ( f o r  s i m p l i c i t y  i n  wr i t i ng ,  t he  bracke ts  and braces  used f o r  
4x4 and 4x1 matrices, r e spec t ive ly ,  are omitted i n  t h e  remainder of t h i s  
s ec t ion ) .  
Then t h e  des i r ed  s o l u t i o n  y,z may be wr i t t en  f o r  t h e  i - t h  sub in te rva l  as 
y = G + Uci 
z = J + Wci 
where c is  a 4x1 mat r ix  of superposit ion cons tan ts  f o r  t h e  i - t h  
s u b i n t e r v a l ,  i 
A t  a s t a r t i n g  edge of an open branch, t he  boundary condi t ions  (25) 
may be w r i t t e n  
where t h e  subsc r ip t  0 denotes i n i t i a l  values. S u b s t i t u t i o n  of equations 
(37) i n t o  equation (38) shows t h a t  equation (38) w i l l  be s a t i s f i e d  
r ega rd le s s  of t h e  va lue  of c f o r  t h e  subin terva l  considered i f  
BUO + DWo = 0 
BGo + D J o  L 
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Equations (39) are then s t a r t i n g  condi t ions  f o r  t h e  matrices, U,W,G,J, a t  
an i n i t i a l  edge. 
Equations (39a) and (39b) are r e spec t ive ly  16  equations i n  32 
unknowns and 4 equations i n  8 unknowns and hence do n o t  have a unique 
solut ion.  
equations (39) with supplementary condi t ions  such t h a t  
I n  order  t o  formalize the  procedure, i t  is  necessary t o  augment 
(1) t he  i n i t i a l  values Uo,Wo,Go,Jo are uniquely determined, and 
(2) the complementary s o l u t i o n  vec to r s  are l i n e a r l y  independent. 
I n  Appendix C ,  i t  is  shown t h a t  condition 2 w i l l  be s a t i s f i e d  f o r  any 
supplementary condition f o r  U0,Wo of t h e  form aU0 + BWo = I, where a and 
B are 4x4 matrices. I n  order  t o  minimize t h e  c a l c u l a t i o n  of t h e  i n i t i a l  
va lues ,  f o r  any p a r t i c u l a r  choice of a and B ,  it w i l l  be convenient t o  
choose t h e  supplemental conditions f o r  G0,Jo as aG0 + BJo = 0. I f  B i s  
nonsingular, as is t h e  case if no kinematic c o n s t r a i n t s  are s p e c i f i e d  a t  
the  boundary, a s u i t a b l e  set of supplemental condi t ions  are obtained by 
simply taking a = 0 and B - I, v iz .  
Subs t i t u t ion  of equations (40) i n t o  equations (39) gives 
Uo = -B-h 
I f  B i s  s ingu la r ,  equations (40) are replaced by 
where S is a diagonal s c a l i n g  matrix,  t h e  purpose of which is  t o  provide 
dimensional homogeniety t o  equat o s (42). 
elements of S are taken t o  be C 1 t o r / t ,  and t h e  fou r th  diagonal element 
i s  C1(2)/ t ,  where t i s  an e f f e c t i v e  th ickness  given by 
The f i r s t  t h r e e  diagonal 
and C 1  (O) and C1 (2)  are meridional  s t r e t c h i n g  and bending s t i f f n e s s e s  
[ see  eq. (A-3) of Appendix A]. 
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wo = (BS i ~ 1 - l ~  
UO = f(I - SWO) 
-1 J o  = T(BS D)  L 
Go = TSJo 
S u b s t i t u t i o n  of equations (42) i n t o  equations (39) gives t h e  i n i t i a l  values 
( 4 4 4  
(44b) 
( 4 4 4  
(44d) 
Since, conceivably, e i t h e r  BS + D o r  B- - D may be s i n g u l a r ,  both upper 
and lower s igns  i n  equations ( 4 2 )  and (44) are allowed. Equations (44) 
could of  course be used as i n i t i a l  edge s t a r t i n g  va lues  i n  a l l  cases;  
however, t h e  r e l a t i v e  s impl i c i ty  of equations (40) and (41) suggests t h e i r  
use i n  t h e  common case of nonsingular  B. 
A t  an i n t e r i o r  boundary, a t  which several open branches may i n t e r s e c t ,  
t h e  boundary conditions (25) and (27) may be w r i t t e n  as ( see  f i g .  4) 
where i;i are t h e  s u b i n t e r v a l  numbers (generally nonconsecutive) of sub- 
i n t e r v a l s  terminating a t  t h e  boundary, t h e  number of which is denoted as 
J. I n  equations (45) t h e  f i r s t  subscr ip t  r e f e r s  t o  t h e  sub in te rva l  
number and t h e  second s u b s c r i p t  0 o r  1 i n d i c a t e s  eva lua t ion  a t  e i t h e r  
t h e  beginning o r  end of t he  sub in te rva l ,  respec t ive ly .  S u b s t i t u t i o n  of 
equation (37b) i n t o  (45b) gives the  ci 
terms of c i  
f o r  en te r ing  sub in te rva l s  i n  
j * 
f o r  t h e  e x i t i n g  sub in te rva l ,  v i z .  
J+l 
-1 ) , j = 1 , e * * , J  (46) c 
= wi ,I (J i J+l ,o  - J  ij,l + ' iJ+1,OciJ+1 j j i 
ij 
S u b s t i t u t i o n  of equations (37) i n t o  equation (45a) and e l imina t ion  of c 
through use of equations (46),  shows t h a t  equat ion (45a) w i l l  be 
s a t i s f i e d  regard less  of t h e  va lue  o f  c ~ , + ~  i f  
J 
*It i s  shown i n  Appendix C t h a t  W a r e  nonsingular  matrices.  
i j  9 1  
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" 
B U i J + l , O  + DWiJ+l,0 E O 
" ., 
B G i J + l , O  + DJiJ+l,0 = 
where 
and 
-1 
A i j  = ui ,lWi ,1 
j j  
hi j - G ij,l - A i j J i j , l  
Equations (47) are t h e  s t a r t i n g  condi t ions  f o r  t h e  matrices U,W,G,J  on t h e  
e x i t i n g  branch of an i n t e r i o r  boundary. 
as equations (391, t h e  s t a r t i n g  va lues  of t hese  mat r ices  sre a l s o  given by 
equations (40) and (41), o r  (44),with D and L replaced by D and L ,  
respectively.* 
Since they are of t h e  same form 
If the s h e l l  contains no closedbranch,  a te rmina l  edge w i l l  be  
reached a t  t h e  end o f ,  say,  t h e  m-th sub in te rva l .  For t h i s  boundary, t h e  
boundary condition (25) may be w r i t t e n  as 
*It may b e  noted he re  t h a t  s i n c e  t h e  s t a r t i n g  condi t ions  f o r  t h e  
complementary s o l u t i o n  matrices U,W are independent of t h e  boundary load  
vec tors  L,  U and W are independent of a l l  load (nonhomogeneous) terms i n  
both d i f f e r e n t i a l  equations and boundary condi t ions .  
seen t o  be t r u e  f o r  t h e  a d d i t i o n a l  complementary s o l u t i o n  mat r ices  V,Z 
required on closed branches). Consequently, i n  a sequence of problems 
i n  which only load terms change, t h e  complementary s o l u t i o n s  need be  
computed j u s t  once. 
(The same w i l l  be 
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S u b s t i t u t i n g  equations (37) i n t o  equation (50) and so lv ing  f o r  cm gives 
S t a r t i n g  wi th  t h i s  va lue  of cm, equation (46) is  used r ecu r s ive ly  t o  
ob ta in  t h e  ci f o r  each sub in te rva l ,  a f t e r  which t h e  so1utio.n is given 
by equations (37). 
Closed branches: The present  method r equ i r e s  t h e  c a l c u l a t i o n  of four 
a d d i t i o n a l  complementary s o l u t i o n  vectors on a closed branch. 
mat r ix  of t hese  vec to r s  is  p a r t i t i o n e d  i n t o  4x4 submatrices V and Z ,  t h e  
des i red  s o l u t i o n  may be  w r i t t e n  f o r  the i - t h  sub in te rva l  on a closed 
branch as [c f .  eqs. (3711 
I f  t h e  
y = G + Uci + Vdi ( 5 2 4  
z = J + Wci + Zdi 
where d i  i s  an a d d i t i o n a l  4x1 matr ix  of superpos i t ion  cons tan ts  f o r  t he  
i - t h  subin terva l .  
Equations (45) are t h e  proper boundary condi t ions  f o r  an i n t e r i o r  
Since only one closed branch i s  allowed and boundary of closed branch. 
t h i s  must be  chosen as t h e  main branch (see p. 19), i t  follows t h a t  i n  
t h i s  case,  sub in te rva l s  i l  and iJ+1 
branch sub in fe rva l s ,  and ij , j = 2 , a . e  ,J, 
sub in te rva l s .  S u b s t i t u t i o n  of equations (52) i n t o  equations (45) shows 
t h a t  equations (45) w i l l  be i d e n t i c a l l y  s a t i s f i e d  wi th  respec t  t o  
C 
wi th  j = 1, equations (47) are s a t i s f i e d ,  and i n  addi t ion*  
a r e  en te r ing  and e x i t i n g  closed 
are en te r ing  open branch 
i s  given by equation ('46) 
il 
(j = 1 , * * * , J + 1 ) ,  dil, and d i J+ l  i f  c 
i j  
= z  ( 5 3 4  
h = o  
BVi J+l, o + DZi J+l ,O (54) 
*It is shown i n  Appendix C t h a t  Z are nonsingular  matrices. 
ij $1 
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where 
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I n  Appendix C i t  i s  shown t h a t  e i g h t  l i n e a r l y  independent complementary 
so lu t inn  vectors  ( i n  sub in te rva l  i J+1) s a t i s f y i n g  equations (47a) and (54) 
do no t  e x i s t  i f  t he  corresponding boundary condi t ion  matr ix  B i s  s ingular .  
Therefore, s i n g u l a r  B matrices (i.e.,  kinematr ic  cons t r a in t )  are not  
allowed at  boundaries on a closed loop except a t  t h e  c losure  ( terminal)  
po in t .  
of  t he  eight  complementary so lu t ion  vec to r s  Yc(k) depends on t h e  non- 
s ingu la r i ty  of t h e  i n i t i a l  values of W and Z. Therefore,  t h e  supplemental 
conditions f o r  equations (47) and (54) on a closed branch are always chosen 
t o  be  
Furthermore, i n  Appendix C i t  is  shown t h a t  t h e  l i n e a r  independence 
J i ,+ l ,O - 0  
Subs t i tu t ion  of equat ions (56) i n t o  equat ions (47) and (54) then gives  the  
remaining i n i t i a l  values  
-1- -B D U i  ,+1 ,o 
-1- = -B L G i  J+l ,o 
The in t eg ra t ion  on a closed branch is  s t a r t e d  a t  an a r b i t r a r y  
(nonbranching) po in t  wi th  t h e  i n i t i a l  va lues  
u = z  = I  l , o  l , o  
v = w  = o  1 , o  l , o  
G = J  = O  l , o  1 , o  
The so lu t ion  
the  i n i t i a l  po in t  t o  t h e  f i n a l  (c losure)  po in t .  A t  in te rvening  boundaries 
on the  closed branch, the  i n t e g r a t i o n  is  r e s t a r t e d  wi th  t h e  i n i t i a l  
condi t ions given by equations (56) and (57);  a t  in te rvening  boundaries 
f o r  t hese  matrices is  continued by forward i n t e g r a t i o n  from 
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on open branches, the  i n i t i a l  conditions are given by equat ions (40) and 
(41) ,or  (44 )_ fo r  edge boundaries,  and these same equat ions with D and L 
replaced by D and f, f o r  i n t e r i o r  boundaries. 
c losed branch i s  passed, equat ions (46) wi th  j = 1 and (53a) are appl ied 
t o  genera te  r e l a t ionsh ips  g iv ing  q , d l  i n  terms of ck’dk of t h e  e x i t i n g  
sub in te rva l ,  viz.* 
As each boundary on t h e  
I n  v i e w  of  equations (56),  equat ions (46) €or  j = 1 and (53a) reduce t c  
( s e t t i n g  i = k and iJ + 1 = k + 1 )  1 
-1 
c k = w  k , l  (‘k+l - Jk , l )  
-1 
dk = ‘k,l dk+l 
S u b s t i t u t i o n  of equations (60) i n t o  equations (59) and comparison with 
equat ions (59) with k replaced by k + 1 gives  t h e  recurs ion  r e l a t i o n s  
which are used with t h e  i n i t i a l  values 
n 
p1 = P 1  = 1 
A 
t o  genera te  pky pky and qk. 
matrices p = pK, P ? . P K 9  
When t h e  f i n a l  sub in te rva l  i s  reached, t he  
and q = q w i l l  have been obtained.* 
A h  
K 
A t  t h e  c losu re  po in t  t h e  boundary condi t ions  (25) and (27) may be  
*Here, k is  an index f o r  sub in te rva l s  on t h e  closed branch only,  
k = l y * * * 9 K .  
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Subs t i tu t ion  of  equat ions (52) and (58) i n t o  equat ions (63) ,  and 
el iminat ion of cl  and d l  through use of equations (59) with k = K gives  t h e  
following two equat ions f o r  c and dm. m 
= L + B(G - 4) m , l  B(P  - Um,l)cm + (DP' - BVm,l>dm 
- ?)dm = -J 
'rn,lcm + ('m,l m, 1 
The so lu t ion  of equations (64) is  
where 
- 
G = G  - q  m , l  m , l  
It may be noted t h a t  equat ion (65a) f o r  cm i s  of t h e  same form as t h a t  
f o r  t he  open branch [eq. (51)].  S t a r t i n g  wi th  these  values  f o r  c, and 
d,, equations (60) are used t o  ob ta in  c i  and d i  f o r  c losed branch sub- 
i n t e r v a l s ,  and equations (53b) and (46) are used t o  ob ta in  c i  f o r  open 
branch subintervals .  
equations (52) and on open branches by equat ions  (37).* 
The s o l u t i o n  on t h e  c losed  branch i s  then given by 
Antisymmetric 1oadinq.- A s  has  been noted on page 17 ,  f o r  t h e  
l inear ized  s h e l l  and r i n g  equat ions,  t h e  response t o  antisymmetric load 
components i s  a l s o  antisymmetric. It i s  shown i n  t h i s  s e c t i o n  t h a t  t h e  
antisymmetric response can be  obtained from t h e  s o l u t i o n  of t h e  symmetric 
load-response equat ions,  ou t l i ned  i n  t h e  preceding sec t ions .  
*The equations used f o r  t h e  c a l c u l a t i o n  of t h e  components of t h e  three-  
dimensional stress tensor  from t h e  s o l u t i o n  f o r  t h e  y and z vec to r s  are 
given i n  Appendix D. 
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Considering as typical normal and shear type loads the normal 
pressure X3 and the circumferential shear X2, respectively, one has 
Here the superscripts (s) and (a) refer to symmetric and antisymetric 
components, respectively. Considering as typical normal and shear type 
response variables the meridional stress resultant TI and the shear stress 
resultant T12, respectively, one has 
00 
(a) cos n41 T12 = c [T12, sin n+ + T12 n n=O 
From the identities 
sin n4 = cos(n4 - ~ / 2 )  
cos n4 = -sin(n$ - ~ / 2 )  
if follows that the antisymmetric load components are equivalent to 
symmetric components about a rotated plane according to 
Therefore, using the amplitudes X3 = X3n (a) and X2 = -X2n (a) in the 
symmetric response equations will give the amplitudes Ti and Ti2 corres- 
ponding to the solution 
T1 cos(n4 - n/2) = T1 sin n+ 
Ti2 sin(n4 - ~ / 2 )  = -T12 cos n$ 
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Comparison of t h e  r i g h t  hand sides of equat ions (71) with equat ions 
(68) shows t h a t  
One the re fo re  concludes t h a t  t he  same equations used f o r  t h e  
symmetric components can be  used a l s o  t o  ob ta in  t h e  antisymmetric 
components if the  s igns  of t he  shear  type antisymmetric load amplitudes 
are reversed before  the  s o l u t i o n  and t h e  signs of the  shear  type a n t i -  
symmetric response amplitudes are reversed a f t e r  the  so lu t ion .  Hence, 
t h e  complementary so lu t ions  and the  [ B ] , [ D ]  boundary matrices f o r  t h e  
symmetric response components of  a p a r t i c u l a r  harmonic can be used a l s o  
f o r  t h e  antisymmetric response components of t h e  same harmonic. 
Buckling of A x i s y m e t r i c  Equilibrium S t a t e s  (SRA 101) 
This program ca lcu la t e s  b i f u r c a t i o n  buckl ing modes of l i n e a r i z e d  
asymmetric prebuckling states. The s t r u c t u r a l  loading i s  assumed t o  
have a given s p a t i a l  d i s t r i b u t i o n ,  b u t  i t s  magnitude i s  allowed t o  vary 
i n  proportion t o  a load parameter A .  This leads  t o  a set of eigenvalue 
equations f o r  t h e  c r i t i c a l  load  A,. 
equations f o r  b i f u r c a t i o n  buckling and t h e i r  method of so lu t ion  are 
presented i n  Appendix E. I n  t h e  development presented the re ,  no 
r e s t r i c t i o n s  are placed on t h e  s t r u c t u r a l  geometry o r  loading,  and non- 
l i n e a r  prebuckling states are included. I n  t h i s  s e c t i o n  t h e  i t e r a t i o n  
equations (E-11) and t h e  inne r  product [eq. (E-6), required t o  c a l c u l a t e  
t h e  eigenvalue estimate according t o  t h e  Rayleigh quo t i en t ,  eq. (E-19)] 
are spec ia l ized  t o  r ing-s t i f fened  s h e l l s  of r evo lu t ion  assuming l inea r -  
ized prebuckling states and neglec t ing  prebuckling r o t a t i o n s .  
A genera l  form of t h e  eigenvalue 
I t e r a t i o n  equations.- For numerical purposes,  t h e  d i f f e r e n t i a l  form 
of t h e  v a r i a t i o n a l  i t e r a t i o n  equat ions (E-11) is  more convenient t o  use 
and i s  derived here .  F i r s t ,  t h e  d i f f e r e n t i a l  form of t h e  v a r i a t i o n a l  
eigenvalue equations (E-4), from which t h e  i t e r a t i o n  equat ions follow, 
is obtained. 
t h e  governing s h e l l  and r i n g  equations evaluated f o r  an i n i t i a l  (pre- 
buckling) equi l ibr ium state and an ad jacent  (buckling) equi l ibr ium 
state, and l i n e a r i z i n g  t h e  r e s u l t i n g  equat ions f o r  t h e  per turba t ion  
va r i ab le s ,  l eads  t o  t h e  buckling e i g e m a l u e  equat ions.  The nonl inear  
s h e l l  and r i n g  equations have been presented earlier i n  t h e  form of 
l i n e a r  d i f f e r e n t i a l  equat ions with nonl inear  (and l i ve  load)  terms 
i s o l a t e d  a s  add i t iona l  e f f e c t i v e  mechanical and thermal loads given by 
equations (21, (41, (12),  (13), (14), and (20).  Hence, t h e  eigenvalue 
equations are obtained i n  t h e  same form as t h e  l i n e a r  system of equat ions 
[with dead load terms dropped from t h e  l i n e a r i z e d  form of eqs. (l), (7 ) ,  (8) 
Applying t h e  usua l  procedure of tak ing  t h e  d i f f e rence  of 
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and (21)] with e f f e c t i v e  a d d i t i o n a l  loads der ived from equat ions (2), (4) ,  
(12) ,  (13) ,  (141, and (20). Since,  however, prebuckling r o t a t i o n s  are 
neglected i n  t h i s  ana lys i s ,  t h e  cont r ibu t ions  from equat ions (12), (13), 
(14) ,  and (20c) are not  re ta ined .  This l eads  t o  t h e  fol lowing addi t ion-  
a l  e f f e c t i v e  loads: from equat ions (2) 
from equat ions ( 4 ) ,  f o r  l ive  pressure  loading, 
x1 = XPX 
L1  = L2 = 0 
which are i d e n t i c a l  i n  form t o  equations ( 4 )  except t h a t  p ressure  grad ien t  
terms are neglected,  and from equations (20a,b) 
- 
N -AT w (75) Y O Y  
I n  equat ions (73) , (74),  and (75) , unbarred va r i ab le s  represent  buckling 
mode v a r i a b l e s ,  and bar red  va r i ab le s  represent  u n i t  load prebuckling 
state var iables .*  
The i t e r a t i o n  equat ions are then obtained by s e t t i n g  X = 1 i n  
equat ions  (73),  (74) ,  and (75),  i n t e r p r e t i n g  t h e  unbarred va r i ab le s  i n  
*Note that  s i n c e  only l i n e a r i z e d  prebuckling states are t r ea t ed ,  i n  t h e  
n o t a t i o n  of  Appendix E, X O  = 0, uo = a0 = 0 ,  and X = p. 
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these  equations as being known inputs  from t h e  previous [ (k  - 1)- th]  
i t e r a t i o n ,  and so lv ing  the  l inear system of equat ions with these  loads f o r  
t he  var iab les  of t h e  present  (k-th) i t e r a t i o n .  
I n  general ,  both the  prebuckling and buckl ing va r i ab le s  of equations 
(73), (74), and (75) are represented by Fourier  series i n  t h e  circum- 
f e r e n t i a l  coordinate  4 .  
a Fourier series*, i t  is seen t h a t  each i t e r a t i o n  s t e p  reduces t o  an 
ordinary l i n e a r  s ta t ics  problem with multiharmonic loading. 
f o r  each component (symmetric and antisymmetric) of each harmonic of t he  
e f f e c t i v e  loading is  presented i n  t h e  preceding d iscuss ion  of l i n e a r  
asymmetric response (SRA 100). Inspec t ion  of  equations (73), (74), and 
(75) shows t h a t  a symmetric prebuckling s ta te  r e s u l t s  i n  decoupled 
symmetric and antisymmetric buckling modes, whereas an antisymmetric o r  
a general  prebuckling s ta te  r e s u l t s  i n  a buckl ing mode with coupled 
symmetric and antisymmetric response ( c f .  p.17). Even i n  t h i s  case, 
however, t h e  symmetric and antisymmetric components of each harmonic 
f o r  each i t e r a t i o n  s t e p  are ca l cu la t ed  independently (c f .  p. 30). 
Since t h e  product of  two Fourier  series i s  a l s o  
The s o l u t i o n  
Inner product.- Af te r  each i t e r a t i o n  s t e p ,  t h e  Rayleigh quot ien t  
[eq. (E-19)] is  used t o  c a l c u l a t e  t h e  corresponding eigenvalue estimate. 
For t h i s  purpose, i t  i s  necessary t o  be  a b l e  t o  compute inner  products ,  
def ined by equat ion (E-6). Since prebuckling r o t a t i o n s  are neglected,  
equation (E-6) reduces t o  
Evaluation of equat ion (76) f o r  moderate r o t a t i o n  theory of ring- 
s t i f f ened  s h e l l s  of revolu t ion  gives 
where u an1 are any two k inemat ica l ly  admissible  displacement f i e  ds , 
t he  i n t e g r a l  over s ranges over  t h e  whole meridional  l eng th  of t h e  s h e l l ,  
*Mult ipl icat ion o f  Four ie r  series is d iscussed  f u r t h e r  i n  t h e  desc r ip t ion  
of subsoutine MODINT, r e f .  8, p. 93. 
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and t h e  summation over r ranges over a l l  a t tached  r ings .  
Comparison of equation (76) with the  v a r i a t i o n a l  eigenvalue 
equation (E-4c), with terms depending on prebuckling r o t a t i o n s  dropped, 
shows t h a t  t h e  inner product is, i n  t h i s  case, nothing more than t h e  
work of t h e  e f f e c t i v e  loads  ( fo r  u n i t  A) assoc ia ted  wi th  t h e  d isp lace-  
ment f i e l d  u (or 6) a c t i n g  through t h e  displacements S: (or u) . This 
observa t ion  can be made e x p l i c i t  as  follows. 
equiva len t  s h e l l  fo rces  are defined as 
From equations (l), 
and, from equations (21), equiva len t  r i ng  forces  are defined as 
FLl = -(aFx + Ny ) 
FL2 = -(aFy - Nx ) 
FL3 = -(aF4 - Nx) 
4 FL4 = -aN 
S u b s t i t u t i n g  t h e  expressions f o r  u,w,e,J, from equations (11) and the 
expressions f o r  wx,wy from equations (16) i n t o  equat ion (77),  then 
performing i n t e g r a t i o n s  wi th  respect to  4 by p a r t s ,  one ob ta ins  the  
a l t e r n a t e  expression f o r  t h e  inne r  product 
where t h e  equiva len t  fo rces  are given by equations (78) and (79) wi th  
e f f e c t i v e  loads given by equations (731, (741, and (75) wi th  A = 1. 
I n  equation (80), each of t he  displacements and equiva len t  forces  are 
represented  by a Four ie r  series i n  t h e  c i r cumfe ren t i a l  coordinate 4. 
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Therefore, t he  integrand and summand are a l s o  Four ie r  series. However, 
because of t h e  + in t eg ra t ion  only t h e i r  axisymmetric components cont r ibu te  
t o  t h e  inner  product and h igher  harmonics may b e  ignored. 
I Nonlinear Axisymmetric Response (SRA 200) 
This program so lves  t h e  nonl inear  la rge-def lec t ion  s h e l l  equat ions 
f o r  t h e  case of axisymmetric t o r s i o n l e s s  loading. The loading is  
assumed to  be propor t iona l  wi th  t h e  load parameter A ,  and t h e  first (and 
poss ib ly  second) de r iva t ives  wi th  r e spec t  t o  A of t he  response va r i ab le s  
[i.e.,  linear per turba t ion  state(s)]  a t  an input  load  level Ao, as w e l l  
as t h e  nonl inear  response a t  Ao, are ca lcu la ted .  The numerical s o l u t i o n  
f o r  t h e  nonlinear s ta te  is based on a gene ra l i za t ion  of  Newton's method 
f o r  ca l cu la t ing  the  roots  of nonl inear  a lgeb ra i c  equations by i t e r a t i o n .  
I n  addi t ion,  f o r  purely mechanical loading,  he prebuckling s t r u c t u r a l  
s t i f f n e s s  KO ( r e f .  18) and i t s  d e r i v a t i v e  Kgt1) a t  X O  are computed. As 
in  reference 18, K i s  defined as dA/dA, where A i s  t h e  "work def lec t ion"  
defined such t h a t  t h e  area under the  X - A curve represents  t h e  work of 
t h e  ex terna l  loading. 
ca l cu la t ing  the  value of a l i m i t  load A*, at which the  Newton i t e r a t i o n  
does not  converge ( f ig .  5 ) .  
As shown below, KO and K o ( 1 )  are use fu l  i n  
Formulation of equations.- For axisymmetric t o r s i o n l e s s  loading ,  shea r  
type load and response va r i ab le s  (cf. p. 1 7  ) are i d e n t i c a l l y  zero,  and 
t h e  equations assoc ia ted  with them ( t h e  axisymmetric t o r s i o n  equat ions)  
are dropped from the  system of governing equat ions,  thereby reducing t h e i r  
d i f f e r e n t i a l  o rder  from e i g h t  to s i x .  Since t h e  genera l  nonl inear  
equations are of t h e  same form as the  l i n e a r  equat ions p lus  a d d i t i o n a l  
e f f e c t i v e  load terms, t h e  d i f f e r e n t i a l  equat ions are obta inable  d i r e c t l y  
from equations (22) with n = 0. These are 
( rp ) '  + r[(r/R2)X1 - r ' X 3 1  = 0 I 
5 '  - r'x - ( r /R2)el  = 0 
r l '  + ( r / R 2 ) ~  - r 'el = 0 
X '  - K 1  = 0 
The supplemental equations are equat ions (7a-d), l i n e a r i z e d  by rep lac ing  
E I , E ~  by el ,e2,  equat ions (8a,b) ,  (23a-c), and from equat ions (23d,e) 
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I ~ 
e2 = n/r 
~2 = r'x/r 
Ef fec t ive  - loads,  i n  add i t ion  t o  real proport ional  (dead) loads  61, A z g ,  
~ 5 1 ,  ~ 0 2 ,  are from equat ions (2) ,  
p lus  equat ion (3a ,c ,e ) ,  (4a,c,e)*,  and from equat ions (12) 
Equations (81) and i t s  supplemental equations are a system of s i x  f i r s t -  
o rde r  d i f f e r e n t i a l  equat ions which a r e  of t h e  same form as equat ion (24),  
where now Y i s  t h e  six-element column vec tor  (P,Q,Ml,<,n,x) and F is  a 
nonl inear  ;rector func t ion  of y. 
exh ib i t ed  i n  t h e  two e f f e c t i v e  load  terms L2 and 81. 
Note t h a t  a l l  of  t h e  non l inea r i ty  is  
The e f f e c t i v e  r i n g  loads  due t o  nonl inear  terms [eqs.(20)1 are 
i d e n t i c a l l y  zero,  s i n c e  t h e  r i n g  ro t a t ions  are shear  type va r i ab le s .  
Therefore ,  f o r  axisymmetric t o r s ion le s s  loading,  t he  r i n g  equat ions and 
a s soc ia t ed  boundary condi t ions are l i n e a r .  Other boundary condi t ions are 
a l s o  assumed t o  be l i n e a r  s o  t h a t  equation (25) app l i e s .  However, i n  
t h i s  case [B]  and [D] are 3x3 matrices, and the  force,displacement,  and 
load  matrices, {y) ,  ( z ) ,  and (L) ,  are 3x1 matrices. For r i n g s ,  equat ions 
(29)-(35) apply with n set t o  zero and t h e  t h i r d  row and column of each 
mat r ix  de le ted .  
Newton's method.- Following Thurston ( r e f .  19) a gene ra l i za t ion  of 
Newton's method f o r  d i f f e r e n t i a l  equations i s  used t o  reduce t h e  non- 
l i nea r  boundary-value problem t o  a sequence of l i n e a r  boundary-value 
problems. I n  t h i s  method, t he  i t e r a t i o n  equations are derived by 
assuming t h a t  t h e  s o l u t i o n  is given by a small co r rec t ion  t o  an approxi- 
mate s o l u t i o n  g n i t i a l l y  taken as the  linear so lu t ion )  and l i n e a r i z i n g  the  
*The e f f e c t  of t h e  pressure  grad ien t  terms inequa t ion  (4c) is  neglected 
i n  t h e  program. 
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differential equations with respect to the correction.* 
solution y after k iterations 
Substituting the 
(k) 
Y = Y  + 6y (85) - (k) (k-1) 
into equation (24), linearizing with respect to 6Y, -. and using equation (85) 
to eliminate 6Y, gives the iteration equations 
where Fy is a matrix, the (i,j) element of which is the derivative of 
i-th component of F with respect to the j-th component of Y, and F and 
Fy are both evaluated for Y = 
of equatiopqwhich, when supplemented by the boundary conditions (25), are 
solved by the Zarghamee method (p. 22). 
Equations (86) are a linea; system - y(k-l)* 
For the specialized equations of the previous section, each variable 
can be written as in equation (85). 
additional loads of equations (83a) and (84a) need be expanded, i.e. 
Only the nonlinear terms given by the 
(87) - = -T1 (k-l)'(k) X(k-l)T1 (k) + T1 (k-l)'(k-l) I 
and similarly 
*In this method, each iteration step yields an approximate solution which 
satisfies the boundary conditions exactly, but the differential equations 
only approximately. In reference 20, an alternate form of Newton's 
method is proposed, whereby the unknowns to be corrected are the initial 
values of 
yields an approximate solution which satisfies the differential equations 
exactly, but the boundary conditions only approximately. 
for each subinterval. In this method, each iteration step 
The last t e r m  on t h e  right-hand s i d e  of each of equations (87) and (88) 
are nonhomogeneous terms known from t h e  previous i t e r a t i o n ,  whereas the  
remaining terms are l i n e a r  i n  t h e  var iab les  T1 and x of t h e  present  
i t e r a t i o n .  
It may be observed t h a t  i n  general  i f  :( -1 is an exac t  s o l u t i o n  of 
equation (241, then t h e  s o l u t i o n  of equation t861 i s  x(k) = + I ) ,  as it  
should be i n  t h e  l i m i t  as k L+ Q). However, i n  t h i s  case equat ons (86) 
represent  t h e  variational equations about t h e  equi l ibr ium s ta te  y(k-1). 
Therefore, i f  t h e  load A0 i s  a t  a l i m i t  load A*, a unique s o l u t i o n  f o r  
x(k)  does no t  e x i s t  ( i . e . ,  t h e  system becomes Singular ) .  
s o l u t i o n  f o r  X(klr given an exac t  so lu t ion  : k-l) ,  i s  a necessary condition 
and i n  f a c t ,  t h e  rate of convergence becomes imprac t i ca l ly  slow f o r  X o  
s u f f i c i e n t l y  c lose t o  A*. 
Since a unique 
f o r  convergence, c l e a r l y  t h e  i t e r a t i o n  metho d diverges a t  a l i m i t  po in t ,  
I n  p r a c t i c e ,  however, i t  is  not necessary t o  observe divergence of 
Since at  A*, 
t h e  method i n  order  t o  estimate A*. 
KO and its d e r i v a t i v e  Ko(1) obtained a t  A0 < A* ( f i g .  5 ) .  
KO = dA/dKo = 0, i n  t h e  v i c i n i t y  of A*, A may be expanded approximately as 
This may be done using t h e  s t i f f n e s s  
X e A* + aKo2 
d i f f e r e n t i a t i o n  of equation (89) w i t h  The cons tan t  a is evaluated by 
respec t  t o  K O  t o  give 
S u b s t i t u t i o n  of equation (90) i n t o  equation (89) shows t h a t  as A0 
approaches A*, A* may be computed as 
The eva lua t ion  of KO and Ko(l) i s  presented i n  t h e  d e s c r i p t i o n  of sub- 
rou t ine  STREN i n  re ference  8 ,  p. 106. 
Linear  pe r tu rba t ion  states.- The c a l c u l a t i a n  of KO and Ko(l) requi res  
t h e  determinat ion of no t  only t h e  nonlinear response a t  t h e  given load  A o ,  
bu t  a l s o  t h e  f i r s t  and second der iva t ives  of t he  response (with respec t  t o  
A )  a t  A".+ The d i f f e r e n t i a l  equations f o r  t hese  states a r e  obtained by 
~~ ~ ~~~ ~ ~ 
+The f i r s t  d e r i v a t i v e  s ta te  is  always computed s i n c e  i t  i s  required input  
t o  t h e  buckl ing program SRA 201. 
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d i f f e r e n t i a t i o n  of equat ion (24) with respec t  t o  h t o  give 
where i s  a matrix,  t h e  ( i , j )  element of  which is  t h e  second d e r i v a t i v e  
of t he  I - th  component of F with respec t  t o  t h e  j - t h  component of y, and 
9 and Fyy are both evaluated a t  t h e  converged nonl inear  s o l u t i o n  7. 
replaced by the  u n i t  load {E) f o r  t h e  f i r s t  d e r i v a t i v e  s ta te  and (L) 
replaced by ( 0 )  f o r  t h e  second de r iva t ive  state. Since equations (92) and 
the  boundary condi t ions are l i n e a r ,  they are a l s o  solved by the  Zarghamee 
method. Comparison of equat ions (92a,b) wi th  (86) shows t h a t  i n s o f a r  as 
yf-1) = z(kk = Y, t h e  homogeneous forms of  t hese  t h r e e  equations are 
i en t i ca l .  
Newton I t e r a t i o n  may be used i n  t h e  c a l c u l a t i o n  of  
- 
The corresponding boundary condi t ions are equations (25) wi th  {L) 
onsequently, t h e  complementary s o l u t i o n s  obtained i n  t h e  l a s t  
and y(2 ) .  
The nonhomogeneous terms of equat ions (92a,b) are obtained - by 
d i f f e r e n t i a t i n g  with respec t  t o  A t h e  dead loads  6 1 ,  Ax3, A01, h 8 2 ,  t h e  
l i ve  loads given i n  equations 
equations (83a) and (84a). 
and t h e  e f f e c t i v e  loads given by 
L2 = 0 (93) 
where g , q , x , e l , e 2  are response v a r i a b l e s  of t h e  nonl inear  so lu t ion .  
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For y(2) ,  one obta ins  
82 = 0 
Equations (92a) and (92b) are then equivalent  t o  equations (81) and i ts  
supplemental condi t ions wi th  nonhomogeneous load terms given by equat ions 
(93) and (94),  respec t ive ly .  
Buckling of  A x i s y m e t r i c  Equilibrium S t a t e s  (SRA 201) 
This  program c a l c u l a t e s  t h e  b i fu rca t ion  buckling modes of nonl inear  
(or  l i n e a r )  axisymmetric t o r s i o n l e s s  prebuckling states. The s t r u c t u r a l  
loading i s  assumed t o  have a given s p a t i a l  d i s t r i b u t i o n ,  but  i t s  magni- 
tude is  allowed t o  vary  i n  proport ion t o  a load parameter A .  This l eads  
t o  a set of eigenvalue equat ions,  which are l i nea r i zed  with r e spec t  t o  X 
by expanding the  prebuckling s ta te  va r i ab le s  i n  a Taylor series i n  p = 
X - 10, and r e t a i n i n g  only l i n e a r  terms i n  u. 
Geometrically, t h i s  method cons is t s  of examining t h e  s t a b i l i t y  of 
f i c t i t i o u s  equi l ibr ium states on t h e  tangent t o  t h e  nonl inear  load- 
deformation curve a t  an assumed load  A0 below t h e  c r i t i ca l  load. 
loads  nea r  A o ,  t he  corresponding f i c t i t i o u s  states are good approximations 
t o  the neighboring nonl inear  states. Consequently, as X g  is increased 
towards the  c r i t i ca l  load ,  t h e  f i c t i t i o u s  c r i t i ca l  loads  obtained approxi- 
m a t e  w i th  increas ing  p rec i s ion  the  ac tua l  c r i t i ca l  load. For each A o ,  
t h e  method of successive approximations is  used to ob ta in  t h e  f i c t i t i o u s  
c r i t i ca l  load. 
For 
A genera l  form of the eigenvalue equat ions f o r  b i f u r c a t i o n  buckling 
and t h e  method of s o l u t i o n  are presented i n  Appendix E.* 
development presented the re ,  no r e s t r i c t i o n s  are placed on t h e  s t ruc-  
t u r a l  geometry o r  loading. I n  th i s  sec t ion  t h e  i t e r a t i o n  equat ions 
(E-11) and the  inner  product [eq. (E-6), requi red  t o  c a l c u l a t e  t h e  
eigenvalue es t imate  according t o  t h e  Rayleigh quo t i en t ,  eq. (E-19)] 
are spec ia l i zed  t o  r ing-s t i f fened  s h e l l s  of revolu t ion  under axisymmet- 
r i c  t o r s i o n l e s s  loading. 
I n  t h e  
*A more s p e c i f i c  formulation giving addi t iona l  d e t a i l s  is  presented 
i n  r e fe rence  11. 
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I t e r a t i o n  equations.- For numerical purposes, t h e  d i f f e r e n t i a l  form 
of t h e  v a r i a t i o n a l  i t e r a t i o n  equations (E-11) is more convenient t o  use 
and is derived here. F i r s t ,  t h e  d i f f e r e n t i a l  form of t h e  v a r i a t i o n a l  
buckling equations (E-1) and eigenvalue equations (E-4), from which t h e  
i t e r a t i o n  equations follow, are obtained. Applying t h e  usua l  procedure 
of taking t h e  d i f f e r e n c e  of t h e  governing s h e l l  and r i n g  equations 
evaluated f o r  an i n i t i a l  (prebuckling) equi l ibr ium state and an ad jacent  
(buckling) equi l ibr ium state, and l i n e a r i z i n g  t h e  r e s u l t i n g  equations 
f o r  t h e  per turba t ion  v a r i a b l e s ,  leads t o  t h e  bas i c  buckling equations 
[eqs. (E-l)]. 
earlier i n  t h e  form of l i n e a r  d i f f e r e n t i a l  equations with nonlinear (and 
l i v e  load) terms i s o l a t e d  as a d d i t i o n a l  e f f e c t i v e  mechanical and thermal 
loads given by equations (2) ,  (4),  (12) ,  (13), (14) and (20). Hence, t h e  
buckling equations are obtained i n  t h e  same form as t h e  l i n e a r  system of 
equations [with dead load terms dropped from t h e  l i n e a r i z e d  form of eqs. 
( l ) ,  (7),  ( 8 )  and (21)] with e f f e c t i v e  a d d i t i o n a l  loads derived from 
equations (2),  (4) ,  (12), (13), (14) and (20). However, as mentioned 
previously, t he  terms of equations (14) are of higher order f o r  moderate 
r o t a t i o n s  and are the re fo re  neglected.  Furthermore, i t  is shown i n  
re ference  11 t h a t  it is cons i s t en t  with t h i s  approximation t o  neg lec t  t h e  
thermal load of equation (13). For axisymmetric t o r s i o n l e s s  loading, t h e  
remaining equations g ive  t h e  following a d d i t i o n a l  e f f e c t i v e  loads: 
from equations ( 2 ) ,  
The nonlinear s h e l l  and r i n g  equations have been presented 
x3 = 0 
L1 = T20JI + XOT12 
L2 = '(Tl0X + XoT1) 
from equations (4) ,  
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1 
from equat ions (la) ,I I 
e 2  = o ! 
812  = -x0+ 
and from equations (20), 1 
N = - T  w 
Y $0 Y 
N = O  Q 
I 
I 
I n  equat ions (95)-(98), va r i ab le s  wi th  the subsc r ip t  0 are prebuckling 
s ta te  va r i ab le s  at t h e  load  A, and t h e  remaining response v a r i a b l e s  are 
buckl ing mode va r i ab le s .  
I I nspec t ion  of equat ions (95)-(98) shows t h a t  no t  only are t h e  equations 
f o r  i nd iv idua l  harmonics of t h e  buckling variables decoupled, b u t  a l s o  
t h a t  t h e  symmetric and antisymmetric components of each harmonic are 
decoupled. 
symmetric o r  entisymmetric harmonic amplitudes of a s i n g l e  buckl ing 
harmonic. Equations (22) and t h e i r  associated supplemental equations 
apply t o  t h e  amplitudes of symmetric components of t h e  n-th harmonic of 
t he  buckl ing mode. The loads  f o r  t hese  equations are given by equations 
(3) and (95)-(97) with equat ion (95a) replaced by t h e  corresponding 
symmetric load amplitude 
Therefore t h e  buckling equations may b e  w r i t t e n  i n  terms of  
where from equations (11) 
8 = ( r ' / r ) ( v  + nn) + (n/R2)S 
I 
Boundary condi t ions f o r  r i n g  boundaries are g ive  y equat ions (25),  
(321, (35a), and (35b) w i t h  I t t )  = { !Le )  = IO} and I!Lf ?! e 1 given by 
equat ions (30c) and (98), where from equations (16) t h e  symmetric 
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ro t a t ion  amplitudes f o r  r ings  are 
w = -(nu + u )/a 
w = nux/a 
X Y +  
Y 
Using the kinematic equat ion ( 3 3 ) ,  r e l a t i n g  s h e l l  and r i n g  displace-  
ments, the e f f e c t i v e  load vec tor  f o r  t h i s  case  may be w r i t t e n  as 
where 
Symmetric 
Since t h e  equations f o r  antisymmetric components are t h e  same set  of 
equations wi th  n replaced by -n, inspec t ion  of t hese  equations shows t h a t  
antisymmetric buckling modes have the  same c r i t i c a l  value of h as 
symmetric buckling modes, and the re fo re  need n o t  be  considered.* 
I n  order  t o  apply t h e  i t e r a t i o n  method, i t  is necessary t o  search  f o r  
eigenvalues i n  a s u f f i c i e n t l y  s m a l l  neighborhood of an estimate h = A o ,  
s o  t h a t  i n  t h i s  neighborhood t h e  prebuckling va r i ab le s  TI , T20, xo, and 
T have a l i n e a r  dependence on A .  S e t t i n g  0 
$0 
h = h o + u  (104) 
one has,  t o  f i r s t  o rder  i n  ut 
*Antisymmetric buckling mode shapes are de r ivab le  from the  corresponding 
symmetric buckling mode shapes simply by changing the  s ign  of t h e  ampli- 
tudes of e i t h e r  t h e  shear  o r  normal type  va r i ab le s .  
'Henceforth, v a r i a b l e s  with t h e  subsc r ip t  0 are assumed t o  be evaluated 
at h = 10. 
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The eigenvalue problem f o r  1-I is  then obtained by s u b s t i t u t i n g  equat ions 
(104) and (105) i n t o  t h e  effective addi t iona l  load  (amplitude) t e r m s  
given by equations (99),  (95b-e), (96), (97), and (102). Each of t h e  
e f f e c t i v e  load terms are thus  s p l i t  i n to  two parts,  one p a r t  independent 
of p ,  and a second p a r t  l i n e a r  i n  1-1. The set of equations s o  formed 
corresponds t o  equat ions (E-4) of  Appendix E. 
The i t e r a t i o n  equat ions (E-11) a re  obtained by s e t t i n g  1.1 = 1 i n  t h e  
second p a r t s  of t he  effective load terms and i n t e r p r e t i n g  t h e  buckling 
mode va r i ab le s  of t hese  p a r t s  as being known inpu t s  from t h e  previous 
i t e r a t i o n .  
terms and the  second p a r t s  become nonhomogeneous terms f o r  t h e  equivalent  
l i n e a r  problem of  each i t e r a t i o n .  
Thus the  f i r s t  p a r t s  of the e f f e c t i v e  loads become homogeneous 
Inner product.- Af te r  each i t e r a t i o n  s t ep ,  t he  Rayleigh quot ien t  
[eq. (E-1911 i s  used t o  calculate t h e  corresponding eigenvalue estimate. 
For t h i s  purposer i t  i s  necessary t o  be a b l e  t o  compute inner  products,  
def ined by equat ion (E-6).* 
s t i f f e n e d  s h e l l s  of revolu t ion  under axisymmetric t o r s i o n l e s s  loads g ives  
Evaluation of equat ion (E-6) f o r  r ing-  
where u-and 6 are any two kinematical ly  admissible  displacement f i e l d s  
(a and u being corresponding stress s t a t e s ) ,  t he  i n t e g r a l  over s ranges 
over t h e  whole s h e l l  meridian,  and the  svmmation over  r ranges over a l l  
a t tached  r ings .  Since prebuckling var iab les  are axisynimetric , i f  
buckl ing va r fab le s  are considered t o  be amplitudes of symmetric harmonic 
components, t h e  i n t e g r a l  over 9 i n  equation (106) can be replaced by t h e  
f a c t o r  7~ (or  2x in t h e  case of an axisymmetric buckling mode). Before 
doing so, however, a more concise  form of the inner product i s  der ived 
from equat ion (106). 
Comparison of equat ion (E-6) with equat ions (E-4) shows t h a t  t h e  
i n n e r  product i s  equiva len t  t o  t h e  work of t he  second p a r t  of t h e  
e f f e c t i v e  mechanical loads  and negative f r e e  thermal s t r a i n s  ( f o r  u n i t  11) 
*The inne r  product is a l s o  used f o r  orthogonalizing mode estimates w i t h  
r e spec t  t o  lower eigenmodes when ca l cu la t ing  nonfundamental eigenvalues.  
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associated with t h e  displacement and stress f & e l d s  u,u (or  u,;) a c t i n g  
through t h e  displacement and stress f i e l d s  (or  u,u). This observation 
can be made e x p l i c i t  by using equations (78) and (79) and i n t e g r a t i n g  by 
p a r t s  w i t h  respec t  t o  $s as w a s  done previously f o r  SRA 101. The r e s u l t  is* 
where t h e  equivalent fo rces  are given by equations (78) and (79) with L i e ,  
Nx*, and fl replaced by t h e i r  symmetric components nL1, “N, and nNys 
respectivexy, and e f f e c t i v e  loads given by equations (99), (95b-e) , (96) , 
(97) and (98) , with X replaced b y  u n i t y  and prebuckling q u a n t i t i e s  
replaced by d e r i v a t i v e s  wi th  respec t  t o  X a t  Ao. I n  equation (107) t h e  
f a c t o r  IT (or   IT f o r  axisymmetric buckling) r ep resen t ing  the  i n t e g r a t i o n  
with respect t o  0 has been dropped. 
Vibrations About Axisymmetric Equilibrium States (SRA 300) 
This program c a l c u l a t e s  f r e e  v i b r a t i o n  modes about nonl inear  
axisymmetric t o r s i o n l e s s  equi l ibr ium states. The eigenvalue equations f o r  
t h e  square frequency u2 of harmonic v i b r a t i o n s  about an equi l ibr ium s ta te  
are s imi l a r  i n  s t r u c t u r e  t o  t h e  eigenvalue equations f o r  t h e  c r i t i c a l  load 
increment p f o r  buckling i n  t h e  v i c i n i t y  of t h e  same equi l ibr ium state. 
As such they are solved by t h e  same method of success ive  approximations 
as discussed previously f o r  SRA 201. 
equations solved and t h e  inner  product, used f o r  c a l c u l a t i o n  of t h e  sequence of 
eigenvalue estimates and a l s o  f o r  mode or thogonal iza t ion  when obta in ing  
nonfundamental modes, are presented. 
I n  t h i s  s e c t i o n  t h e  i t e r a t i o n  
I t e r a t i o n  equations.- The eigenvalue equations f o r  v i b r a t i o n s  about 
an equilibrium state are obtained from t h e  eigenvalue equations f o r  
buckling i n  t h e  v i c i n i t y  of t h e  same equi l ibr ium state by r ep lac ing  t h e  
incremental loads propor t iona l  t o  p i n  t h e  buckl ing problem by t h e  i n e r t i a l  
loads proportional t o  u2 of harmonic v i b r a t i o n s .  
assumption t h a t  each normal element acts as B r i g i d  body with f i v e  degrees 
of freedom, t h e  t i m e w i s e  amplitudes of s h e l l  i n e r t i a l  loads due t o  harmonic 
Based on t h e  t h i n  s h e l l  
*Equation (107) d i f f e r s  i n  s ign  (which is  immaterial) from t h e  inne r  
product as given i n  re ference  11. 
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vibrations of frequency w are 
where the mass moments per unit of surface area are given by the integrals 
through the shell wall thickness 
(109) 
i m (i) = 1 pz dz for i = 0, 1, or 2 
Similarly for homogeneous rings, assuming that each cross section acts 
as a rigid element, one obtains 
F = w2pAu 
Y Y 
9 
F = w2pAu 
9 
Nx 
N 
N = w2p(Ix + I )w 
w2p(IXwx - I w ) 
o2p(IYwy - I w ) 
XY Y 
Y X y x  
9 Y 9  
As previously discussed for the buckling equations, the eigenvalue 
equations need only be written for the symmetric components of each 
circumferential harmonic, in which case equation (99) replaces equation 
(95a). 
given by equations (25), with [B] and [D] defined by equations ( 3 2 ) ,  
and (35a). 
given by equation (102) and the other obtained from equations (35b) with 
(at) = (ae) 5 0 and Ikf(e)1determined by equations (30c) and (110). 
The corresponding boundary conditions for ring boundaries are 
In addition, the effective load {L) has two components, one 
This 
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second component may be  reduced t o  
{L) = -u2[u][el{z) 
where 
[VI = 
0 
a2(I +I - X Y  
a2A+n21 n2I n I  
n I  
Y XY XY 
X X 
a2A+n21 
a2A+Ix 
Symmetric 
1 
The i t e r a t i o n  equat ions are obtained by s e t t i n g  t h e  eigenvalue 
parameter u2 = 1 in  equat ions (108) and (111) and i n t e r p r e t i n g  u,v,w,x, and 
JI i n  equations (108) and { z )  i n  equat ion (111) as being known inpu t s  from 
t h e  previous i t e r a t i o n .  These equat ions thus  g ive  t h e  nonhomogeneous terms 
f o r  t h e  equivalent l i n e a r  problem of each i t e r a t i o n .  
Inner product.- I n  analogy wi th  the  method presented f o r  buckling 
(see a l s o  r e f .10 ) ,  after each i t e r a t i o n  f o r  an estimate u(k)  of v i b r a t i o n  
mode displacements, an eigenvalue estimate u(k)2 i s  obtained from t h e  
Rayleigh quot ien t  i n  the  form 
where (u,;) denotes t h e  inne r  product of any two k inemat ica l ly  admissible  
displacement f i e lds .*  
loads  associated with t h e  displacement f i e l d  u (or  u) a c t i n g  through t h e  
displacement f i e l d  u ( o r  u). 
equat ion (107). 
s t r a i n s  and t h e  four th  component of equiva len t  i n e r t i a l  r i n g  fo rces  
FL4 [eq. (79)] is  nonzero. 
The inner  product represents - the  work of t h e  i n e r t i a l  
It may be w r i t t e n  i n  a form similar t o  
I n  t h i s  case, however, t h e r e  are no i n e r t i a l  f r e e  thermal 
Therefore i n  p l ace  of equat ion (107), one has? 
(us<) = lS(F1e + F2;1 + FJ; + F4i) rds  
-~ ~~ 
*The inner product i s  a l s o  used t o  or thogonal ize  eigenmode estimates wi th  
+Equation (107) d i f f e r s  i n  s i g n  (which is immaterial)  from t h e  d e f i n i t i o n  
respec t  t o  known lower modes i n  order  t o  f o r c e  convergence t o  a h igher  mode. 
given i n  reference 10. 
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where t h e  equivalent  fo rces  are given by equat ions (78) and (79) with Lie, 
N,' and NII replaced by t h e i r  symmetric components nLl, nN,, and nN 
respec t ive  y,  and e f f e c t i v e  loads  given by equat ions (108) and (110) with 
w2 set t o  uni ty .  
Y'  
CONCLUDING REMARKS 
The governing equat ions and t h e i r  method of so lu t ion  have been pre- 
sented f o r  stress, buckling, and v ibra t ion  response of branched, s t i f f e n e d  
s h e l l s  of revolu t ion  under axisymmetric and asymmetric loads.  In  general ,  
t h e  numerical s o l u t i o n  is reduced t o  the s o l u t i o n  of a sequence of l i n e a r  
boundary value problems i n  ordinary d i f f e r e n t i a l  equations.  These are 
solved by the  Zarghamee technique, i n  which i n i t i a l  condi t ions  f o r  comple- 
mentary and p a r t i c u l a r  s o l u t i o n s  (obtained by forward in t eg ra t ion )  are 
chosen s o  as t o  s a t i s f y  i d e n t i c a l l y  the boundary condi t ions as the  
corresponding boundaries are passed. This method is more e f f i c i e n t ,  
r equ i r ing  only h a l f  as many complementary so lu t ions  f o r  open branch 
problems,than t h e  more common method of superpos i t ion  of complementary 
and p a r t i c u l a r  so lu t ions  with a r b i t r a r y  i n i t i a l  condi t ions.  However, i t  
does no t  e l imina te  t h e  problem of "long subin terva ls"  assoc ia ted  with 
rap id  growth of complementary and p a r t i c u l a r  so lu t ions .  
A f u r t h e r  improvement i n  t h e  method, which e l imina tes  t h e  long 
sub in te rva l  problem, as w e l l  as providing increased e f f i c i ency ,  is  
c u r r e n t l y  being evaluated.  This new method has been termed t h e  " f i e ld  
method," and i t  e l imina tes  t h e  ca l cu la t ion  of complementary and p a r t i c u l a r  
s o l u t i o n s  a l toge the r .  The e f f i c i ency  of t h e  f i e l d  method may make f e a s i b l e  
wi th in  t h e  scope of t h e  present  techniques more advanced problems, such 
as nonl inear  response under unsymmetrical loa'ds. 
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APPENDIX A 
SHELL STIFFNESS COEFFICIENTS 
(A-1) 
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and f o r  m = 0, 1, or  2 
In equations (A-3 , t h e  i n t e g r a l s  a r e  through the  s h e l l  wal l  thickness ,  
and CStCm), Gst(m a r e  s t r i n g e r  contr ibut ions given by 
(O) = NEA/Z.rrr 
C S t  
(1) - (0) - ezCst  
(0) (1) = 0 
(0) (2) = NEI/Z.rrr + ez2Cst 
Gst = Gst 
Gst (2) = NGJ/8nr 
where  e 
sec t ions  r e l a t i v e  t o  the s h e l l  reference sur face .  
i s  the  normal e c c e n t r i c i t y  of the  cent ro id  of s t r i n g e r  cross z 
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APPENDIX B 
SHELLS WITH DOME CLOSURES 
Dome c losures  are t r e a t e d  by de le t ing  a small sphe r i ca l  cap containing 
the  pole and generat ing appropr ia te  boundary condi t ions f o r  t h e  a r t i f i c i a l  
edge so  created.* These boundary condi t ions,  which represent  t he  de le ted  
cap t o  f i r s t  o rder  i n  t h e  edge radius ,  are der ived i n  t h i s  appendix. 
A s  shown i n  t h e  main body of t h i s  r epor t ,  a l l  of t he  problems 
t r e a t e d  reduce t o  the so lu t ion  of a s tandard l i n e a r  s ta t ics  problem with 
pseudo monoharmonic loads.  Furthermore, as noted previously (p.30 ), t h e  
so lu t ion  f o r  antisymmetric load components may be obtained from t h a t  f o r  
equivalent symmetric load  problems. Therefore,  dome boundary condi t ions 
need only be  w r i t t e n  f o r  t h e  case of l i n e a r  s t a t i c  response under symmetric 
pure harmonic loading. 
Based on t h e  f i n i t e n e s s  of s t r a i n s ,  one can de r ive ,  i n  a manner 
similar t o  t h a t  of reference 21, t he  fol lowing r e s u l t s  v a l i d  a t  a pole  
n25 = o 
q + n v = O  
n n + v = O  
. 
S = X  
(B-2a) 
(B-2b) 
(B-2~)  
(B-2d) 
(B-2e) 
(B-2f) 
*In evaluation of i n t e g r a l s  over t h e  s h e l l  meridian,  a f i r s t - o r d e r  
correct ion i s  made t o  account f o r  the  con t r ibu t ion  over  t he  de le ted  cap 
( see  p. 29 of r e f .  13) .  
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For t h e  terms with ambiguous s igns  in  equations (B-2), t h e  lower s igns  
apply a t  a terminal  pole ,  at which r '  = -1, and the  upper s igns  apply a t  
a l l  o the r  poles ,  a t  which r' = 1. 
d i f f e r e n t i a t i o n  with respec t  t o  t h e  radius r. Equations (B-1) and (B-2) 
are b a s i c  equations from which the  dome boundary condi t ions are derived. 
* The do t s  above symbols denote 
Zero' th Harmonic (n = 0) 
From equations(B-1) and (B-2), t h e  following r e l a t i o n s  hold t o  
f i r s t  o rde r  i n  r a t  the  a r t i f i c i a l  edge 
q = rq = re1 
. 
x = rx = ? I K K ~  
Using equations (7c,d) and (23c-e), equations (B-3) become 
Two add i t iona l  condi t ions may b e  derived from the  f i r s t  and t h i r d  of  
t he  equi l ibr ium equations (22a),  which f o r  n = 0 reduce t o  
( rP) '  = r [ r ' X g  - ( r / R z ) X l ]  
( r2S) '  = r [ ( r / R 2 ) L 1  - r X 2 1  
(B-5) 
Since ( ) ' = ( * ) r ' ,  i n  t h e  v i c i n i t y  of t he  pole  equat ions (B-5) may be  
written as 
- 
rP = r ~ 3  + O ( r 2 )  
(B-6) - 
r Z S  = l r 2 ( L 1 / R 2  - X2) + O ( r 3 >  
where t h e  loads  X3 and L1/R2 - X2 may be taken as t h e i r  values  a t  t h e  
a r t i f i c i a l  edge. I n t e g r a t i o n  of equations (B-6) between t h e  l i m i t s  r = 0 
and r = r, and neglec t ing  O(r2) ,  gives a t  t h e  edge 
*This is i n  accordance wi th  the  spec i f ied  desc r ip t ion  of the re fe tence  
meridian (see pp. 18-19). 
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Equations (B-4) and (B-7) c o n s t i t u t e  t he  dome c losure  boundary 
conditions f o r  n - 0. They are equivalent  t o  equation (25) with  
1 0 0 
0 
0 
0 
0 1 0 
f r A 3 4  0 r A 4 4  
[B] = f 
F i r s t  Harmonic (n = 1) 
(B-8a) 
(B-8b) 
( B - 8 ~ )  
-~ ~ 
In  t h i s  case, equat ions (B-1) y i e l d  a t  t h e  po le  5 - rx 5 - r x  
= rl + v = 0, so t h a t  one may w r i t e  a t  a small d i s t ance  from t h e  po le  
Equation (B-9a) y i e l d s  immediately t h e  f i r s t - o r d e r  condi t ion  
(B-9a) 
(B-9b) 
(B-10) 
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However, equat ion (B-9b) does not y i e l d  any new information, s i n c e  
s u b s t i t u t i o n  of equation (B-2b) f o r  r7 + f, and e l imina t ion  of e2 through 
equation (23d) r e s u l t s  i n  t h e  i d e n t i t y  rj + v - n + V. I n  p l ace  of 
equat ion (B-gb), equations (B-2a) and (B-2c) can be used t o  form the  
r e l a t i o n  
, 
Using equations (7c,f)  and (23c-f), and neglec t ing  O(r2) ,  equation (B-11) 
becomes 
A t  t h i s  p o i n t  i t  is d e s i r a b l e  t o  evaluate t h e  term S / r  - x. 
purpose i t  is necessary t o  compute 5 - rx a t  t h e  pole. 
gives 
For t h i s  .. 
D i f f e r e n t i a t i o n  
A t  t h e  po le  r = 0, so t h a t  s u b s t i t u t i o n  of equation (B-2f) gives 
(B-13) 
(B-14) 
Since,  as a l ready  noted, 5 - r x  = 5 - rx = 0 a t  t h e  pole ,  one may write a t  
a s m a l l  d i s t a n c e  from t h e  pole 
5 - r x  = ( r 2 / 2 ) ( - i  f ;/R2) + O(r3) (B-15) 
Therefore,  t o  f i r s t  o rder  i n  r ,  t h e  following r e l a t i o n  holds 
i n  which equations (B-2c,d) have been used. S u b s t i t u t i n g  equations 
(7d , f )  and (23c-f) i n t o  equation (B-16) and so lv ing  t h e  r e s u l t i n g  equation 
f o r  S/r - x gives 
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~ 
Subs t i t u t ion  of equat ion (B-17) i n t o  equat ion (B-12) t o  eliminate [/r - x 
gives the des i red  boundary condi t ion 
(B-19) 
Two add i t iona l  condi t ions may be  der ived from t h e  equi l ibr ium equat ions 
(22a). For n = 1, t h e  second and t h i r d  equat ions and t h e  f i r s t  and fou r th  
equations may b e  combined t o  give 
I n  t h e  v i c i n i t y  bf t h e  pole ,  equations (B-20) may b e  w r i t t e n  as 
[r(Q - S) ]  = r ( + X 2  - XI) + O ( r 2 )  
(B-20) 
(B-21) 
where t h e  loads X I ,  X 2 ,  L1, L2 may be taken as t h e i r  values  a t  t he  
a r t i f i c i a l  edge. 
and r = ry  and neglec t ing  O(r2) gives  a t  t h e  edge 
In t eg ra t ion  of equat ions (B-21) between the  l i m i t s  r = 0 
Q - S = ( r /2)( tX2 - XI) 
r P  + MI = - ( r /2)(L1 k L2) 
(B-22) 
Equations (B-10) (B-18) and (B-22) c o n s t i t u t e  t he  dome c losure  
boundary conditions f o r  n = 1. They are equiva len t  t o  equat ion (25) with 
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where 
A3 = Az(A14 + A 
(B- 23b) 
(B-23~) 
Higher Harmonics (n I 2) 
In this case, equations (B-1) yield at the pole, 5 = rl = v = x = i = 0. 
In view of equations (B-2), the following relations therefore hold to 
first order in r at the artificial edge 
5 = 0  
(B-25) 
Using equations (7c,d,f) and (23c-f), equations 0-25) can be put in the 
form of equation (25), where 
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[B] = 5 
[Dl = 
(B- 26a) 
{L) - -r 
- 
1 0 0 1 0 
(B-26~) 
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APPENDIX C 
SUPPORTING LEMMAS FOR ZARGHAMEE METHOD 
I n  t h i s  appendix several b a s i c  aspects of t h e  Zarghamee procedure 
are c l a r i f i e d  i n  order  t o  provide some formal j u s t i f i c a t i o n  f o r  t h i s  
method. 
Supplemental I n i t i a l  Conditions 
As noted i n  t h e  d i scuss ion  of t h e  Zarghamee method (p. 24),  t h e  
supplemental i n i t i a l  conditions chosen should in su re  l i n e a r  independence 
of t h e  complementary so lu t ions .  This question is  c l a r i f i e d  by the  
following lemma: Any supplemental condition of t h e  form 
where [a] and 161 are 4x4 matrices, insures  l i n e a r  independence of t h e  fou r  
complementary s o l u t i o n s  on open branches. 
The proof is  as follows: As is w e l l  known, l i n e a r  independence of a 
set of complementary so lu t ions  of a system of ordinary l i n e a r  d i f f e r e n t i a l  
equations implies l i n e a r  independence everywhere.* Therefore it is 
s u f f i c i e n t  t o  show l i n e a r  independence at  t h e  i n i t i a l  po in t  alone. Linear 
dependence of t he  complementary so lu t ions  at t h e  i n i t i a l  po in t  is equivalent 
t o  t h e  ex i s t ence  of anon-nul l  4x1 constant mat r ix  {c} such t h a t  
Pos tmul t ip l i ca t ion  of equation (C-1) by {c} shows t h a t  equations (C-2) 
imply {c} = {O}, con t rad ic t ing  t h e  requirement of non-null {c}. Q.E.D. t 
*Since a l i n e a r  combination of so lu t ions  of a system of homogeneous l i n e a r  
equations is  a l s o  a so lu t ion ,  i f  i t  vanishes at one p o i n t ,  by t h e  
uniqueness theorem of i n i t i a l - v a l u e  problems, i t  vanishes  everywhere. 
'This argument may a l s o  be used t o  prove l i n e a r  independence of t h e  
a d d i t i o n a l  fou r  complementary so lu t ions  on a closed branch. 
however, prove l i n e a r  independence of a l l  e igh t  complementary so lu t ions  
on a closed branch. 
It does no t ,  
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Nonsingularity of [W] and [Z] 
The Zarghamee method involves t h e  invers ion  of [W] a t  t h e  f i n a l  
po in t s  of sub in te rva l s  on open branches [see eqs.(46) and (49a)], and 
inversion of [W] and [Z] a t  the  f i n a l  p o i n t s  of sub in te rva l s  on a closed 
branch [see eqs. (53) and (55)]. I n  t h i s  s e c t i o n  i t  is shown t h a t  t hese  
f i n a l  point matrices are always nonsingular,  so t h a t  t h e i r  inverses  e x i s t .  
Consider t h e  columns of t h e  8x4 matr ix  of complementary s o l u t i o n s  [#I as 
t h e  s t a t i c  so lu t ions  f o r  a s h e l l  whose ex ten t  i s  t h e  sub in te rva l  considered 
and which has n u l l  su r f ace  loads and i n i t i a l  boundary condi t ions  given by 
equation (47a) and t h e  f i n a l  boundary condi t ions  
L e t  us denote t h e  f i n a l  value of [W] f o r  a t y p i c a l  sub in te rva l  by [ W i l e  
Since equations (C-3) are displacement condi t ions ,  i t  follows from t h e  
uniqueness theorem of l i n e a r  e l a s t i c i t y  t h a t  t h e  corresponding s o l u t i o n s  
are unique. Now assume t h a t  [ W l ]  is  s i n g u l a r ,  1,e. one of i t s  columns, 
say t h e  i - t h  column, is  a l i n e a r  combination of t h e  o t h e r  three.* Since 
equations (47a) and the  d i f f e r e n t i a l  equations are l i n e a r  and homogeneous, 
and t h e  so lu t ions  a r e  unique, i t  follows t h a t  t h e  i - t h  s o l u t i o n  must be 
the  same l i n e a r  combination of t h e  o t h e r  t h r e e  so lu t ions .  Thus t h e  
assumption of s i n g u l a r  [Wi] c o n t r a d i c t s  t h e  r e s u l t  of t h e  preceding 
s e c t i o n ,  i n  which it  i s  shown t h a t  t h e  supplemental i n i t i a l  conditions 
in su re  t h e  l i n e a r  independence of complementary so lu t ions .  
The above argument can be applied without  change as w e l l  t o  [ Z ] ,  f o r  
which equation (47a) is  replaced by equation (54). [For t h e  f i r s t  sub- 
i n t e r v a l  on a closed branch, equations (47a) and (54) are replaced by 
equations (58bj.l 
Kinematic Cons t ra in ts  on a Closed Branch 
For t h e  Zarghamee method t o  be used on a closed branch, i t  i s  
necessary t h a t  a l l  e i g h t  complementary s o l u t i o n s  be l i n e a r l y  independent. 
In  t h i s  s ec t ion ,  t h e  condi t ions  under which e i g h t  l i n e a r l y  independent 
complementary s o l u t i o n s  e x i s t  are derived. 
As no e on pages 23 and 27, t h e  8x8 mat r ix  of complementary s o l u t i o n  
vec to r s  yc tk(.f (k = l,.. ,8) on a closed branch i s  p a r t i t i o n e d  i n t o  four  
~ ~~ 
*The p o s s i b i l i t y  t h a t  one of i t s  columns is  n u l l  i s  excluded s i n c e  t h i s  
would imply t h a t  t h e  corresponding complementary s o l u t i a n  i s  i d e n t i c a l l y  
zero. 
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4x4 submatrices,* 
A necessary and s u f f i c i e n t  condi t ion  for  t h e  yc (k) t o  be l i n e a r l y  
independent is  t h a t  t h e  determinant of the matrix [yc(k)] be nonzero. As 
noted previously (p. 5 9 ) ,  t h e  va lue  of t h i s  determinant a t  any poin t  w i l l  
s u f f i c e ,  and i t s  va lue  A a t  t h e  i n i t i a l  po in t  of a gener ic  sub in te rva l  
is  ca l cu la t ed  below. The f i r s t  sub in te rva l  of a closed branch may be 
excluded from f u r t h e r  d i s c u s s i o n , s i n c e i n  t h i s  case  i t  is obvious from 
equations (58a,b) and (C-4) t h a t  A = 1. 
For any o the r  s u b i n t e r v a l  of a closed branch, A is evaluated as 
follows. 
right-hand s i d e  of equation (C-4) premultiplied by WLTl i s  subt rac ted  
from t h e  second row t o  give? 
Assuming t h a t  i n i t i a l l y  U i s  nonsingular, t h e  f i r s t  row of t he  
I n  order  t o  eva lua te  t h e  second f a c t o r  of t h i s  r e s u l t ,  no te  t h a t  from 
equation (47a), 
S u b s t i t u t i n g  equation (C-6) and us ing  equation (54) t o  e l imina te  BV, one 
ob ta ins  
*For t h e  sake of s i m p l i c i t y ,  t h e  brackets and braces used f o r  4x4 and 4x1 
'Henceforth i n  t h i s  d i scuss ion ,  it is  assumed t h a t  U,V,W,Z a r e  evaluated 
matrices, r e spec t ive ly ,  are omitted i n  t h e  remainder of t h i s  sect ion.  
a t  t h e  i n i t i a l  po in t  of t h e  subin terva l .  
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Evaluating t h e  d i f f e rence  6 - 
equation (C-7) becomes 
from equat ions (48a), (49a), and ( 5 5 ) ,  
where, here  t h e  subsc r ip t  1 denotes va lues  at t h e  end of t h e  preceding 
closed branch subin terva l .  Subs t i t u t ion  of equat ion (C-8) i n t o  equat ion 
(C-5) gives 
Since from equat ion (C-6), IWI 
equation ( C - 9 )  is 
- / B ~ * ~ U ~ / ~ ~  , an a l t e r n a t e  form of 
(C-10) 
It follows from equat ion (C-9) t h a t  i f  B i s  s ingu la r ,  A = 0 and 
therefore  l i n e a r l y  independent complementary s o l u t i o n s  do not  exist  i n  
t h e  subinterval .  Since equat ion (C-9) is  der ived without t h e  use of supple- 
mental i n i t i a l  condi t ions ,  t h i s  conclusion i s  t r u e  regard less  of t h e  
choice of t hese  condi t ions.  
cons t r a in t ,  f o r  t h e  Zarghamee method kinematic c o n s t r a i n t s  are no t  allowed 
on a closed branch except a t  t h e  c losu re  poin t .  
Since s i n g u l a r  B i s  equivalent  t o  kinematic 
Equation (C-10) is used t o  guide t h e  choice  of supplemental i n i t i a l  
conditions on a closed branch. 
with the requirement t h a t  i n i t i a l l y  W and Z should be nonsingular  i s  
used, viz.  W = Z = I [cf .  eq. (56a)l .  
The s imples t  poss ib l e  choice cons i s t en t  
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APPENDIX D 
CALCULATION OF SHELL STRESSES 
Af ter  s o l u t i o n  of t h e  s h e l l  equations f o r  t h e  e i g h t  b a s i c  f o r c e  and 
displacement v a r i a b l e s  [ f i g .  2 ( a ) ] ,  SRA 100 (and SRA 200) proceeds t o  
c a l c u l a t e  a l l  components of t h e  three-dimensional stress tensor  except 
t h e  t r ansve r se  normal stress uZ, which is n e g l i g i b l e  f o r  a t h i n  s h e l l .  
The equations used f o r  t h e  c a l c u l a t i o n  of t hese  stresses are presented 
in t h i s  appendix. 
According t o  t h e  Love-Kirchhoff t h i n  shell hypothesis,  neglec t ing  
terms of order z/R re la t ive t o  unity,* the primary ( i . e . ,  in-surface) 
s h e l l  stresses f o r  an o r tho t rop ic  wall a r e  given by 
I n  order t o  compute these  stress components from eqs. (D-l), a l l  that is 
needed are t h e  s t r e t c h i n g  (~1 ,62 ,812)  and bending ( K I , K ~ , K ~ ~ )  s t r a i n s  of 
t h e  r e fe rence  sur face .  After s o l u t i o n  of t h e  d i f f e r e n t i a l  equations f o r  
t h e  b a s i c  f o r c e  (y) and displacement (z) v e c t o r s  (see pp. 22-30), t hese  
s t r a i n s  are given by eqs. (23d-f) and (7c,d,f)  wi th  t h e  a i d  of eqs. (23c) 
and (8). 
The t r ansve r se  shear and normal stresses may then  be  obtained by 
i n t e g r a t i o n  through t h e  s h e l l  thickness of t h e  three-dimensional equa- 
t i o n s  of equilibrium. I n  terms of symmetrical stress amplitudes ( t a b l e  
I )  t hese  equations are, assuming no body f o r c e s  and neglec t ing  terms of 
order  z/R r e l a t i v e  t o  u n i t y ,  
aosz/az = -aas/as - (n/r)us+ + ( r ' / r ) ( u +  - us) (D-2a) 
ao+,/az = -aos+/as + ( n / r ) a +  - 2(r ' / r )us+  (D-2b) 
(D-2~) au,/az = - ( l / r ) a ( r u s z ) / a s  - (n/r)u+z + os/R1 + u+/Q 
where R1 is  t h e  meridional  r a d i u s  of curvature. Inspection of eqs. (D-2) 
shows t h a t  f o r  t h i n  s h e l l s  t h e  transverse stresses usz,u4z,uz can be 
*Here, R r ep resen t s  e i t h e r  p r i n c i p a l  rad ius  of curva ture  (R1 o r  R2) of 
t h e  r e fe rence  sur face .  
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s i g n i f i c a n t  (Le., >> z/R times a primary stress) only i n  a boundary-layer 
zone, where s - d i f f e r e n t i a t i o n  i s  tantamount t o  m u l t i p l i c a t i o n  by a f a c t o r  
much larger  than 1 / R ,  o r  i f  n / r  >> 1 /R .  
boundary-layer zone, f o r  t h e  t h i n  s h e l l  hypothesis t o  remain v a l i d  it i s  
necessary t h a t  u~z,u+z,uz << uS,u+,as+. 
i t  is  c l e a r  from eqs. (D-2) t h a t  t h e  t r ansve r se  normal stress uz is  
neg l ig ib l e ,  even i n  boundary-layer zones and hence need not be computed. 
On t h e  o ther  hand, even i n  a 
Accepting t h i s  as being t h e  case, 
In p r a c t i c e ,  eqs. (D-2a,b) are in t eg ra t ed  wi th  respec t  t o  z s t a r t i n g  
a t  t h e  s h e l l  w a l l  inner  face.  A t  t h i s  f a c e  usz and u + ~  are given as -Xi 
and -Xp by eqs,  (3a,b) f o r  an a t tached  e l a s t i c  foundation o r  are simply 
zero  i f  no foundation e x i s t s .  I n  eva lua t ing  t h e  s -der iva t ives  on t h e  
right-hand s i d e s  of eqs. (D-2a,b) t h e  d i f f e r e n t i a l  equations (22) are 
used t o  ob ta in  d e r i v a t i v e s  of response v a r i a b l e s ,  whereas d e r i v a t i v e s  
of w a l l  p rope r t i e s  and thermal loads are neglected.  
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APPENDIX E 
GENERAL BUCKLING EQUATIONS 
I n  t h i s  appendix t h e  treatment of t h e  buckling equat ions (based on 
moderate r o t a t i o n  theory) without r e s t r i c t i o n  of s t r u c t u r a l  geometry o r  
loading i s  presented. 
b a s i s  f o r  both the  b i f u r c a t i o n  ana lys i s  of l i n e a r i z e d  asymmetric 
equi l ibr ium states (SRA 101) and the  b i fu rca t ion  ana lys i s  of nonl inear  
a x i s y m e t r i c  equi l ibr ium states (SRA 201). Although set i n  a more 
general  context ,  t h i s  development follows along t h e  same l i n e s  as t h a t  
of reference 11. 
This development may t h e r e f o r e  b e  taken as t h e  
Eigenvalue Equations 
Buckling equat ions without r e s t r i c t i o n  on s t r u c t u r a l  geometry o r  
loading d i s t r i b u t i o n  have been presented i n  re ference  18. 
the re ,  t h e  v a r i a t i o n a l  form of these  equations f o r  t h e  buckling mode 
v a r i a b l e s  u, u ,  E i n  terms of t h e  prebuckling equi l ibr ium state 
v a r i a b l e s  ug(A), ao(A) a t  a load fac tor  A ( f o r  a propor t iona l  loading)  i s  
As presented 
u = H ( E )  (E-1) 
where 
I n  o rde r  t o  apply t h e  i t e r a t i o n  method f o r  b i f u r c a t i o n  problems, i t  i s  
necessary t o  search  f o r  eigenvalues i n  a s u f f i c i e n t l y  s m a l l  neighborhood 
of a load  estimate A = A o ,  s o  t h a t  i n  t h i s  neighborhood the  prebuckling 
s ta te  v a r i a b l e s  uo(A), ao(A) have a l i n e a r  dependence on A .  
A = A0 + p, one has ,  t o  f i r s t  o rder  i n  p,? 
S e t t i n g  
(E-3) 
S u b s t i t u t i o n  of equat ions (E-3) i n t o  equations (E-1) and (E-2) y i e l d s  t h e  
?Henceforth, v a r i a b l e s  with the  subscr ip t  0 are assumed t o  be  evaluated 
a t  A = A o .  
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l inear eigenvalue problem wi th  eigenvalues p 
order  o f  increas ing  abso lu te  value) 
E = L l W  + L11(uo,u) + PLll(UO(l),U) 
i = 1 , 2 ,  ...( arranged i n  t h e  i' 
(E-4a) 
u = H ( E )  (E-4b) 
Orthogonality of eigenfunctions is  obtained by s e t t i n g  6u 
equations (E-4c) evaluated f o r  t h e  i - t h  eigenvalue, interchangi ig? and 
j, and sub t r ac t ing  t h e  r e s u l t i n g  two equations.  
equations (E-2), (E-4a) and (E-4b), t h i s  gives t h e  r e s u l t  
i n  
With the  a i d  of 
(Pi - u p  Q 'U Q 1 = 0 i' is j '  j 
where the inner  ( s c a l a r )  product is  defined by* 
(E-5) 
It i s  noted t h a t  t h e  second and t h i r d  terms on t h e  right-hand s i d e  of 
equation (E-6) represent  prebuckling deformations ( i . e . ,  r o t a t i o n s ) ,  and 
t h e  last  term represents  conservative l i v e  loads  ( i . e . ,  a normal pressure  
f i e l d ) .  Use, t h e  inne r  product is  seen  t o  be  a symmetric func t iona l ,  
i .e.,  (ui,ui;uj,uj) - (uj;uj;ui,ui). From equat ion  (E-5) i t  follows t h a t  
eigenfunctions corresponding t o  d i s t i n c t  eigenvalues p i , p j  are orthogonal,  
i .e. 
(E-7) 
Similarly,  eva lua t ion  of equation ( 0 4 c )  f o r  t h e  i - t h  eigenvalue with 
6u = ui gives the  expression f o r  t h e  eigenvalues i n  terms of t h e  
eigenfunctions,  v i z .  
*For X O  = A,, t he  c r i t i c a l  load, t h i s  d e f i n i t i o n  of t h e  inner product is  
equal t o  the func t iona l  F ( ~ ) ( u  u ) def ined  i n  r e fe rence  18. 
i' j 
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The right-hand side of equation (E-8) (with the index i deleted) defines 
the Rayleigh quotient, which may be used to obtain an estimate p for ~1 
if estimates u, u, E for U i r u l ,  €1 are available. However, in applying 
equation (E-8) in this way, care must be taken that us E and P satisfy the 
kinematic equation (E-4a), in addition to u, E satisfying equation (E-4b). 
Such kinematically admissible functions admit the eigenfunction expansions 
m 
u = Aiui 
i=l 
m 
u = 1 Aiai 
i=1 
(E-9) 
Forming from equations (E-9) the inner product (u,a;u u ) shows that, in 
view of equation (E-7), j' j 
Iterative Solution of Eigenvalue Equations 
The iteration method consists of successive solution of the following 
modified form of equations (E-4) 
where the subscript (k) denotes the solution after k iterations. The 
estimates "(kip a(k) ,  ~(kl cannot be used directly in the Rayleigh 
nor do they admit eigenfunction (k) ' quotient to o tain an est mate p 
expansions, since in general u (ki' '4k&'fand '&k& kinematic equations (E-4a). It s t e eAore n c ssary to rel$te A 
0 Y E  
ai%)p (kikhre kinematically admissib e i. e. 
would not satisfy the 
to modified variables 'fk?' '(k) such that u(k)' '(k)' '(k) 
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Taking t h e  d i f f e rence  of  equations (E-l2a,b) and (E-lla,b) gives  
A 
(E-13) 
from which i t  i s  observed t h a t  the  d i f f e rence  u(k) - u 
of prebuckling r o t a t i o n s ,  t he  square of which is  neglii!i&e f o r  our  
moderate r o t a t i o n  equat ions.  
i n  the  Rayleigh quot ien t )  from equations (~ -13) ,  and neglec t ing  terms of 
t he  order of  t he  square of prebuckling r o t a t i o n s ,  gives  
is  of t h e  o rde r  
Forming t h e  work term G(k) ' E & )  (required 
Se t t i ng  bu = ui i n  equat ion (E-llc),  6u = U(k) i n  equat ion (E-4c) 
evaluated f o r  t h e  i - t h  eigenvalue,  and s u b t r a c t i n g  t h e  r e s u l t s  gives  t h e  
r e l a t i o n  
From equation (E-6) i t  follows t h a t  
n 
(E-16) 
h 
i s  of t h e  order  of prebuckling fk) - 'hkh Since as observed previously u ro t a t ions ,  t h i s  d i f f e rence  of nner p o u c t s  is  of t h e  o rde r  of t h e  
square of  prebuckling r o t a t i o n s  and the re fo re  neg l ig ib l e .  Hence, it 
follows from equations (E-10) A and (11-15) t h a t  t h e  expansion c o e f f i c i e n t s  
Aik for  t h e  funct ions U(k), s a t i s f y  t h e  r e l a t i o n  ' (k) 
(E-17) /?J - *ik *i,k-l  i 
from which i t  follows t h a t  as k + 03 
u(k) -t u1 
'(k) -t 'l 
n 
proving convergence of t h e  i t e r a t i o n  method. 
(E-18) 
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h 6 
fo; ui,,oi, ~i i n  the Rayleigh quot ien t  ' (1) ' . '&kl Subs t i t u t ing  u (k ) ,  given i n  equat ion (E-8), e imin t ng '(k)'Efk) through use of equation 
(E-14)' e l imina t ing  o(k)'E(k through use o equat ion (E-llc) w i t h  
gives the r e s u l t  
6u = u(k) ,  and so lv ing  f o r  t h e corresponding eigenvalue estimate v(k) 
(E-19) - lJ (k) - (u(k) "(k) 'u(k-l)"(k-l))'(u(k) "(k) ;u(k) "(k)) 
Since,  as a l ready  noted, t h e  inne r  product is i n s e n s i t i v e  t o  t h e  d i f f e rence  
To t h i s  form can "fk) '(k)'  a s o  given by equation (E-19) with a(k)  replaced by (r 
be appl ied  t h e  completeness r e l a t i o n  
t o  the  accuracy of our  moderate r o t a t i o ?  equat ions,  u(k) is  
(k) 
m .. 
(u(k) ''(k)'u(k-l) "(k-1)) =iiiui' cr i'*u. ,a . )A 1 i i k  A i ,k -1  (E-20) 
g iv ing  i n  view of equation (E-17) t h e  r e s u l t  
m a, 
(E-21) 
Equation (E-21) shows t h a t ,  by use of t he  RayleighAquotient  , p (k) 
converges t o  ~1 a t  a much faster rate than u (k ) ,  a(k)converge t o  u1, 01. 
i t  follows from equat ions (E-13) t h a t  a(k)  + a(k) .  
i ts  inadmiss ib i l i t y  
*.'(k-$) , Fina l ly ,  s i n c e  H(k) -+ v l ,  and from equatlon (E-17) UlU(k) Hence, i n  s p i t e  o 
'(k) * (E-22) 
Thus, i n  t h e  p r a c t i c a l  app l i ca t ion  of the i t e r a t i o n  procedur?, a t  no t i m e  
is  i t  necessary t o  work with t h e  modified v a r i a b l e s  ;(k) o r  E(k). 
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TABLE I 
CIRCUMFERENTIAL VARIATION OF HARMONIC VARIABLES 
S h e l l  
Load 
Variables  
Ring 
Load 
Variables  
~~ 
S h e l l  
Response 
Variables  
Ring 
Res pons e 
Variables  
Symmetric 
cos  n$ 
x1 r X 3  
FxJy 
NQ 
s i n  nQ 
F4 
Nx Jy 
MQ 
uQ 
W X  'wy 
T 
Antisymmetric 
F4 
Nx "y 
MQ 
uQ 
wx 'wy 
f 
s i n  nQ 
x1 t x 3  
Fx Jy 
NQ 
72  
A SUITABLE 
REFERENCE SURFACE '-\ 
/ 
// / I \\ / 
\-AXIS OF REVOLUTION 
NOTE: The reference surface may be chosen as any convenient 
continuous surface within or near the shell wall. 
FIGURE 1. HYPOTHETICAL BRANCHED SHELL PROFILE 
(WITH FIVE BRANCH POINTS AND ONE CLOSED BRANCH) 
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1 nl H 
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FIGURE 2. POSITIVE DIRECTIONS FOR SHELL DISPLACEMENTS, FORCES, AND LOADS 
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FIGURE 3 .  P O S I T I V E  DIRECTIONS FOR RING VARIABLES 
n 
P 
W 
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t 
NOTE: Arrows &ndicate direction of increasing s. 
Subintervals i l  , 1 2 ,  13, and 1 4  (here J = 4) 
enter the branch point, whereas subinterval 
i 4 + l  ex i t s  the branch point. The branch 
point i s  denoted as i j , l  on entering sub- 
intervals and i $ - l , O  on the exiting subinterval. 
FIGURE 4. HYPOTHETICAL BRANCH POINT BOUNDARY 
(WITH FOUR ENTERING SUBINTERVALS) 
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[AREA EQUALS WORK OF EXTERNAL 
LOADS DURING LOADING FROM 
A = 0 t o  A - A0 
(a) LOAD VS. WORK DEFLECTION 
“ t  
LINEAR STIFFNESS 
(b) LOAD VS. STIFFNESS 
K = dA/dA 
FIGURE 5 .  TYPICAL PREBUCKLING LOADING DIAGRAMS 
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